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EVERYTHING YOU NEED TO ACE

This notebook is designed to support you as youv work
through the major areas of geometry. Consider these the
notes taken by the smartest person in your geomeiry
class. The one who seems to "get* everything and who
takes clear, understandable, accurate notes.




Within these chapters you'll £ind important concepts
presented in an accessible, relatable way. Plane and
solid geometry, congruence, proo£s, fransformations, and
coordinate geometry are all presented in a language yov
can easily understand. It's geometry for the reqular kid.

Notes are presented in an organized woy:

e Important vocabulary words are highlighted in YELLOW.

* All vocabulary words are clearly defined.

* Related terms and concepts are written in BLUE PEN.

* Examples and calculations are clearly stepped ovt and
supported by explanations, illustrations, and charts.

I£ you want a fun, easy-to-understand resource

o use as a companion to your textbook, and youv're not
so great ot taking notes in class, this notebook will help.
It hits all the major points you'll learn in geometry.
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Chapter {

POINTS, LINLES,
AND PLANLS

Geometry is the branch of mathematics thot is the study

of shapes, lines, angles, and space and the relationship
between them. An example of geometry is the calcvlation of
a quadrilateral's angles.

Here are some key concepts and basic terms used in geometry:

POINT: indicates | The name of the
a location point. For example, A

.A. 'Y
LINE: a s+raigh+ # horizontal arrow

poth extending above two points X
infinitely in on the line. C
B

opposite directions ’B_C. ‘C_B’

or £



TERM AND
DEFINITION

LINE SEGMENT:
part of a line with
two endpoints

RAY: part of a line
that starts at a
point and extends
infinitely in one
direction

VERTEX: the point
of intersection of
two or more line
segments, rays, or
lines

ANGLE: formed by
Two rays with the

same endpoint, the
vertex

SYMBOL EXAMPLE
# horizontal bar
above two points A B
on +h_e|me. - ENDPOINT  ENDPOINT
AB or BA
length: AB
# horizontal arrow
that extends in " H
one direction. — =
ENDPOINT
—_—
GH
The name of the 5
angle that forms «
S
the vertex. <
A
'A' (7 SIDE ¢
VERTEX
Z#k, £BAC,
or ZCAB A



TERM AND

SYMNBOL EXAMPLE
DEFINITION
E
TRIANGLE: shope | D ABC (or TALT
with three sides A symbol followed & 2
ond three vertices | Y anYy combination 5 C
of the letters ‘A‘
B, ond C) It SIDE 9
VERTEX A VERTEXC

PARALLEL LINES:
lines that are written as: A L >
olwaus the same

| 9 Z " m € n >
distance apart.
Theg NEVER meet.

'S ,(
PERPENDICULAR written os:
LINES: lines thot
¢ u o

intersect to form Z'JL m : I m
four righ+ angles

L] |



LINES

# LINE is straight, has no width, and extends infinitely in
opposite directions. It is ONE-DIMENSIONAL, or flot.

Nome a line bg |is+ing:

1. any two points on the line with a double-sided arrow above
them; or

2. using the lowercaose italicized letter next to the arrow
(if it has one).

o ] L
F G H

This line can be named: ‘FZ' ﬁ @, ‘H_'G 7—'7 m{'or k

COLLINEAR points lie on the same line.
'V_"W_|

slmring line

Points H, T, ond J are collinear .

" I
Points D, €, and F are not collinear .
F (The points are not on the same
line. # line is straight) These are
D E two rays.

3



PLANES

Plane geometry deals with "flat" shapes such as squares
and triangles. Flot shopes are T\WO-DIMENSIONAL, or Z-D.

# PLANE is o flot surface two-dimensional) that extends
inﬁnii—elg in all directions.

To name a plane, N
_ oS
1. use o capital letter on oP -
the plane; or
2. ony three points on the as long as the points do

) not form a s"‘raiglf“ line.
plane (in any order).

This plane can be named PSR, PAS, SPR, SAP, &PS, AS™P,
or plane N (capital letter with no point).

COPLANAR points lie on the same plane.
LA——

sharing plane

Points P, &, and R are coplanar.
They lie on the horizontal plane.

Point S is not coplanar to P,
&, and R, becovse it lies on

a different (vertical) plane.
é



INTERSECTION INTERSECT
OF LINES AND .to pass through or
PL ANE S lie across each other.

Two lines INTERSELT ot
a point.

intersection: Foinf C

Two planes infersect along
a line.

intersection: line £

# plane and a line intersect at K
a point.
intersection: point J

B
The cube shows six planes. A ¢
The intersection of plane ABD A
6
H
7

and plane DHG is D¢



POSTULATES AND THEOREMS

Proofs are vsed to communicate mothematical ideas. Theg
ore |ogical reasons vsed 1o confirm an ideo. Postuvlates and
theorems are vsed to support proofs.

A POSTULATE is a statement that is accepted as fact,
without proof. # THEOREM is o statement that has been
proven to be true using other theorems, definitions, or

postulates.
LINE SE GME NT Not all postulates
P OSTULATE have names.

SEGMENT ADDITION PUGTULITE

If B is o point on line segment AC, then AB + BC = AC,

AB +
° . °
A B C
k—— Ac —

Add the |eh9'H~nS of the smaller segments to
find the length of the entire segment.

BC = AC




Note: The bar makes
all the difference!

bar AB  nome of the line segment

no bar | " AR length of the line segment

LU LU U L] UL LB

% The length of AB: AB=5in.

o
A

"
- EXAAMPLE: TfRisbetween R oand S, AR =14, and RS =11,
. find the length of AS.

\7
M
a R

. &S = AR + RS
., QS =14+11=3]



EXAMPLE: IfVisbetween ToandV, TV =121TU=2x and
UV =15, find the valve of x.

.I\ZI\I
T 2x ©

V)

SINCE 2% AND 15
ADD TO 21, I CAN SET
UP AN EQUATION.

Ky ®
\'/

TU+UV =TV
2x+15 =121 Substitute.
21x+15-15=21-15 Subtroct 15 from both sides.
1x="0
7 x0 - .
77 Divide both sides bg 2.
xX=3

Congruent Line Segments

Two line segments are i 1))
CONGRUENT i theyy ot o <
have the same length. A B =~

o

Cc

A'—B is congruen’r to 5

10



Use a CONGRUENCE STATEMENT to show that line segmen’rs

ore congruem‘:
] s ‘Hwe Symbol for

Cohgruehce

ABz (D

7

AB= CDis read as “line segment
AB is congruent to line segment CD”

TICKk MARKS (1) are sometimes used to show that line
segmerﬂ-s are congruent The same number of tick marks
shows which segmen‘rs ore congruen’r to each other.

\" F I
E 1K
P T 4
6 ¥ o J ol
H
EF = GH TJz KL

1"



SEXAMPLE:  \Which of the line segments are congruent in
the €igure’.’ N

This figure is ma_de i# €o_ur X e
line segments: MN, NO, OF,

and PM. The tick marks on
MN and NO show that they

are congruent. 3in. Jin.

Leng’rh MP is equal to leng+h P
PO, so MPis congruen’r to PO
Therefore, MN 2 NO and MP 2 PO,

SEGMENT BISECTORS
The MIDPOINT of a line segment is the halfway point; it
divides the line segmerﬂ- into two congruem- segmen‘rs.

A® B is the
/ — . 3
/m:ipom‘r of AC. o2 Sin. o

B P QR R .

® \/~ Qs the

¢ midpoint o PR.
\ L
— Kisthe

v —
\ midpoint of JL.

12



A SEGMENT BISECTOR Bisect means "to divide into two

i< o li + equal parts." The measure of each
IS 0 line, ray, Segment, or congruent segment is one-half the
plane that passes throvgh measure of the original segment.

o segment at its midpoint S
(bisects it).

IT MUST HAVE

BUT LOOK!
NOW/ YOU HAVE
Tw0 CONGRUENT
SEGMENTS!

Exomples of segment bisectors of FG:

2 ?F
c
\. F. I K
—i | g BO—H / 7 fN £ ;
F ~ D p
G
» L
Line £ P Roy 8D J %

Line Segmerﬂ- JE Plane N

Line j is not a segment bisector
of FG becovse it does not
bisect FG ot its midpoint.

me
ak J

13
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For clues‘rions 1-4, use this {-‘igure.

1. Name three collinear points. M

2. Noame three coplanar points.

WECK vour (LHIOWLERCE

3. Name the intersection of line #€ and plane F.
4. What are the other six names for plane 7

For ques‘rions 5 and b, use this Figure.

R
S
T
N
Wahin
P

5. How many planes are shown in the figure?
6. What is the intersection of plane MPT and plane MNR?

7. Whot is the Segmen’r Addition Postulate?

14



8. Find the leng+h of segmemL Zi

2\ 36

[ ® ®
G H I

9. Find the volve of x.
32 L]
)

®
:2'X+3 K 19 L

10. Write a congruence stotement for the cor\gruemL
segmen‘rs in the (-‘igure below.

Nq'CMO

Yecm Scm

Tcm
1. Write congruence stotements for the congrueni-

segmen+s in the Figure below.

Q R

S T

12. Whotis a segmen+ bisector?

ANSWERS 15



CLECK Your QIUSWERS

1. & B, ond €

2. 8Cond D

3. Point B

4. Planes BCD, BDC, CD®, CBD, DBC, DCB

5. Six

6. Line MQ

7. If B is between # and C, then AB + BC = AC.

8. GI =51

9. L =Jk+kL;32=2x+3+19,32 =2x+22,2x=10, x=5
10. MN 2 NO

1. @S2 RTand @Rz ST

12. # segment bisector is a line, ray, segment, or plane thot
passes through o segment ot its midpoint.

16



Chapter &
ANGLES

An ANGLE (£) is formed by two RAYS with
o common ENDPOINT.

RAY
ANGLE
VERTEX
RAY

Name an angle in three ways:
1. the vertex: Z# By
2. three points, with the vertex

in the middle: £ BACor ZCAB @ ' °

C

3. the number inside the
angle: Z1

17



I€ +wo or more omgles share the same vertex, yov
connot nome the angles using onlg the vertex.

This figure shows three angjes:
ZLHGI, L2, and £L3. Each angle

has G as its vertex. DO NOT vse

Z.G as a name for any of the G
angles, since it wovld not be clear
which angle yov're referring to.

The space around an angle can be classified as interior or
exterior.

INTERIOR
EXTERIOR

INTERIOR EXTERIOR

ANGLE MEASURE

The MEASURE of Z A (the size of the angle) is written as
mZA.

\We vse DEGREES (°) to measvre the size of on angle. There

are 360° in a circle.
18



A 180° angle is a half

Basic angles: rotation in a circle. [t TN
'Forhns a S"'ranglf,' lme /-\

A90° angle isa uar'l'er of
a rotation in a c,rcle It is ’\
also known as a ngH’ angle. E ;

A 360° angle is a coh-.,;lef

rofa'hon ina Clrc|e

TYPES OF ANGLES

DEFINITION
ANGLE(S
(5) AND EXAMPLES
RIGHT Measures
ANGLE exactly A0° mZA = 90°
K3
ACUTE Measvres
ANGLE greafer than O°
but less than 90° 0" < mLA <90
4§7°
A
0BTUSE Meaosvres
ANGLE greater than qQo° 133°
‘.\
but less than 180° A

90° < mLA < 180°

19



DEFINITION

ANGLECS) AND EXAMPLES

STRALGHT = Measvres 180°

ANGLE exactly 180 ——Le >
: A

(stroight

line) mZL A = 180°

ADJIACENT = Angles that lie in the same plane, have a
ANGLES common (the same) vertex, share a common
side, and have no common interior points.

3

|
2 4

Zlond L2 Z3ond £4

INTERIOR OF
£ BAC AND £BAD

COMMON °
D INTERIOR -
POINTS T™——>0

NON- Angles that do not have a

ADJACENT = vertex or a side in common.
ANGLES 5 zé

25 ond 26 do not shore
: Z5and Z6
o vertex or o common Side.

20



ANGLE ADDITION PUGTOLATE

If point R is in the interior of Z QPS, then
ML APR + mLRPS = mLAPS.

Q R Add the measures of
1 the smaller angles to
find the measure of

the larger angle.

EXAMPLE: Find mZLABC.

MZLABRD + mZLDBC = mZLABC

31° + 118° = mZLABC Substitute.
mZL ABC = 149° Add.

21



mZUTW =120° Find the valve of x.

vV
U —9ye
MZUTV + mZVTW = mZUTW (9%x-2)

(1x-6)°
5 S
T W
(Ax -2 + (Ox - by =120° Substitute.
lox - 8 =120 Simpli(y.
Tox -8+ &= 120 + 8 Add 8 +o both sides.
lox =128
Jox _ 128 i -
% " T Divide both sides bg 16.
xX=8
CONGRUENT ANGLES
Two angles are CONGRUENT
i their angle measures J o
are equal. 30°
K
LTz LK

22



Note: \We con vse ma’rching omgle marks to show thot omgles
ore congruent

X,:;.tﬂ‘:::fh
KM»»V AL,

anglemarks™ / C « /D LE LF

EXAMPLE: Ts LZHGI = ZLG)?

mZLLGJ = 12° + 58°
= 130°

Since Z HGI and ZLGJ both
measvre 130°, +ho.9 ore congruerﬂ:

DO £HGI AND £ LGJ HAVE
- THE SAME MEASURE?

LHGCT 2 LLGY

23



@ CHECKYou (IOWLEDCE

1. Give the three nomes for the shoded omgle.

For ques’rions 2-5, classi#g the omgles 0s righf, acute, obtuse,
or s+rai9h+.

2.
ys°
3.
180°
1. ¢ .
5. 125°

A\ 4

24



6. Complete the following statement:
MLBAC + mLCAD = m

1. Given mZKEIM = 110°, §find +he valve of x.

o (3x-2) L
T (ex+1)
o °

J M

For quesﬁons 8 ond 9, use the €igure below.

8. LRPQA= 9. £LPRSz__

10. Nome the pair of congruent angles in the figure below.

F G

\z 82’
f.'I Eg2] |

ANSWERS 25



CLECK Your QIUSWERS

1. L1, LCAD, or £LDAC
2. acute

3. right

Y. straight

5. obtuse

6. LBAD

7. MZLEM = mZKIL + mZLIM; 110 = (13x - 2) + (bx + 1)
NMO=19%-111=19% x =19

8. ZRTS (or ZSTR)
9. ZGRT (or ZTRA)

10. LI 2 LEFG

26




Chapter &
ANGLE PAIRS

Two omgles con be related to each other bg their measvres
or orientotions. These are called ANGLE PRIRS . There are
different types of angle pairs.

ADJACENT ANGLES lie

. 3

in the same plane, have | m
2

0 common vertex, shore o
Zlond Z2 Z3ond Z4

are adjocent  are adjocent

common side, and have
no common interior points.

VERTICAL ANGLES ore nonadjacent and opposite each
other. Theg ore formed when two lines intersect. Theg shore
the same vertex.

2 These are not
1\ 6/4 straight lines.
S » Th .
M 8 ere is no
intersection.

Zlond £33 /7 ond Z4 Z5 ond L7 ond L6 ond £8

are vertical are vertical are not vertical

27



Vertical angles ore congruent

12 /L3
L1244

EXAMPLE: Find the valve of x.

TR
(s«a,

RN
Since Z QPR and £ SPT are

vertical omgles, Jrheg are congruen‘r. P T

(>
Si 9(\23/°

mZLRAPR = mZLSPT

4x+1="1x-123 Svbstitute.

4%+ 1-4x="1x-123 - 4x Subtroct 4x from both sides.
1=3x-123%

1423=3x-2%5+25 Add 23 to both sides.

724 = 3x

L2 Divide both sides by 3.

x=8



~ CHECKYOURWORK |

Does mZL PR = mLSPT?

| MLOPR=(@x+1°=(4x8+1)° =33

> mLSPT=0x-23°=[1%x8-123)°=33V

More angle pairs:

ANGLE PAIR DEFINITION EXAMPLE
COMPLEMENTARY | Two angles
ANGLES whose sum is 90° 51°
A
29°
B
Lhis complemeni-argﬁ
to Z 8.
|
2

Z1is complementary
to £1.

29



ANGLE PAIR DEFINITION EXAMPLE
SUPPLEMENTARY | Two angles I8
ANGLES whose sum

is 180° A

62°
BZ_)
Z # is supplementary
to Z 8.
| /2
¢ é >
Z1is supplementary
to L1.
LINEAR PAIR Two omgles thot
/| are‘adjocentand
. nextto | supplementar
eacZ other PP J ( M )
Zlond Z17 ore
a linear pair.
YOU'RE 50 SMART!
com’)“hn'eh"'ary | %
dhg es G‘O B
YOU'RE
- SMARTER!

30
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EXANPLE: I¢ Z8 issupplementaryto ZA and
mZLA = 42°, find mZL 8.

Since £ 8 is supplementary to Z #, their measvres add
t0 180"

mZLB + mLA =180°

mZLB + 42° = 180°

mZLB + 42° - 42° = 180° - 42°
mZLB = 138°

S“EXAMPLE: Two complementary angles have a difference
of 16°. What are the measures of the fwo angles?

Port 1:
We don't know the measvre of the first omgle, o) assign
it the varioble x°.

Since the angles are complementary, the second angle will

have a measure of (A0 - x)°. ¢4
Subtract x from 90 to
get the measure of the
second angle.

x* (q0-%)"
V4

A 4

31



The difference of these two omgles is 16°, so:
Port 2:

AV -x-(x) =1

A -2x=16 Simplify.

A -2x-90=1 - 90 Svbtract 90 from both sides.
-1x=-14

7Lx -1

7 =) Divide both sides bg -2.

X=3]
The first omgle is 37°.
The second omg|e is: (A0 - x)° = (90 - 37)° = 63°

The measures of the two omgles ore 31° and 53°.

CHECK YOUR WORK
The angles are complementary: 31° « 53° = 90°

The omgles have a difference of 16™ 53° - 371° = 16°

32



ANGLE BISECTORS
#n ANGLE BISECTOR isa ray that divides an angle into
two congruen’r angles.

I ACis the angle bisector of £ BAD, C
then L BAC 2 L CAD. B
D
A
Q

. If QS bisects ZPAR ond mZLPAR = 42°,
. then mZPAS = 21° and mZS@R = 21°.

» EXAMPLE: &G is the anglle bisector of £ FEH,
MZFEG = (Ax - 5°, and mZ GEH = (Ix + 11)°. Find mZFEH.

First, £ind the valve of x.

Since €6 divides Z FEH into two
congruent angjles, their measvres E H
ore equalz

mZLFEG = mZL GEH

33



Ax-5="Ix+1
Ax-5-1x="1x+1N-1x
2x-5=1
Ix-5+5=1+5

2x =10

Zx 16

FTT

Svubstitute.
Subtroct 1x from both sides.

#dd 5 to both sides.

Divide both sides bg 2.

So: MZLFEG = (Ax-5°=(A%x 8 -5 = 61°
MZLGEH = (Ox + 1° = (1 x 8+ 1) = 61°

\We now have the information we need to find mZ_FeH:

mZLFeH = mZLFEG + mZL GEH

= 61+ 6T°
- 134°

34
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PERPENDICULAR lines,

rays, or segments form q0°
right angles (90°). 5 a0°
ght angles (90°) o | 0 20- 477

° ° q0°

# PERPENDICULAR
BISECTOR is a line, ray, or
line segment that divides a line
segment into two congruent
segments and forms four right
angles with it.

ITS A SEGMENT BISECTOR,
BUT PERPENDICULAR!

| EXAMPLES:

two congruehf

% segments E tH

. 1 I . . I 1 . . 1 1 .
A l B A l B A l B
C - G

CD, €F and GH are all perpendicular bisectors of AB.

35



SEXAMPLE: In the figure below, RS = Za + 5, ST = T1,
and mZ.UST =(15b7. Find the valves 0§ a and b so that US
is o perpendicular bisector of RT.

In order for US to be the perpendicular bisector, RS and ST
must be congruent:

VR

(158Y

o 1 1 L ]
R za.+5lS 7T

RS = ST Congrueni- segmen’rs hove
equal measvre.

2a+5 =1 Substitute.
20+6-5=11-5 Svbtract 5 from both sides.
2a=12

Za _ 11
=

= Divide both sides bg 7.
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a=>06

ond ZUST must be a right angle

mZLVUST = A0°

Svbstitute

15b = 90

P o

N

at,
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& G

For questions 1-5, use the figure below to complete

WECK vour (LHIOWLERCE

the angle pairs.

1. Adjocent Angles: £4 ond , £4and

2. Vertical Angles: Z1ond

3. Complementary Angles: £4 and

4. Supplementary Angles: £1and

5. Linear Pair: £3 and

6. Find the valve of xin the (»'igure.

(ex+11)° n2°
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1. If £8 is supplementary to Z# and m£LA = 107,
find mL8B.

8. Two complementary angles have a difference of 24
Whot are the measures of the two angles?

9. What is an omg|e bisector?

10. In the figure below, Lis o perpendicular bisector of PR
PA=3y+2 QR =y+8 ond mLPAS = (2x - 18). Find the
valves of x and y.

J 4

3y+2 y+8
L
oS

°
P (2x-18)

ANSWERS 39



CLECK Your QIUSWERS

1. L5, /453

2. L3

3. £5

Y. L1

5. L1

6. bx+ 1 =13 bx=102; x =11
7. m£LB =173

8. 51° and 33°

9. An angle bisector is a roy that divides an angle into
two congruen‘r omgles.

10. PA=QR; 3y+2=y+82y+2=82y=0 x=54y=3

50



Chapter &
CONSTRUCTIONS

We can vse a compass and a straightedge (ruler) to
CONSTRULT, or drow, accurate shapes, angles, and lines.

COMPASS

HINGE

NEEDLE
STRAIGHTEDGE
\[--JUST A STRAIGHT... EDGE
| L L DL L
T 2 3 4 s & 71 8 q 1o 4 2 not to
& scale
| 2 3 Y
T TR I T O I N (O I O Y
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THIS IS
MY FAVORITE
2. CHAPTER!

CONSTRUCTING
PERPENDICULAR LINES

To construct a perpendicvlor ¢ °
bisector to AB: A B
One way: P

1. Set compass width. keep

this width for all 4 steps. ° ® °
A™ NEEDLE ON B
POINT A
2. Droaw o large arc across
segmerﬂ' AB. \With the needle
) ) - uSE sAmE
on point & move the pencil, WIDTH AS 1
s’rar’ring below the line segmem- ‘ °
to draw a large arc. A NEEDLE on ' B

3. Repeat on the right side.

With the needle on point 8, wIbTH

As2
move the pencil to create a ° >
lorge arc. Be sure fo overlop A NEEDLE ©

ON POINT B
with the first arc.
. Droaw a vertical line to
connect the intersections of PERPENDICULAR

BISECTOR

the two arcs. °

[
A B
INTERSECTIONS
q2



Another way to construct a perpendicvlar bisector:

1. Drow two small arcs

on AB. Place the needle on
point P. Open the compass
any width to draw a small
arc across AB. keeping

the needle on point P, lift
and move the pencil to the
opposite side of the line and
drow a second arc.

2. Drow an arc below A8,
Ploce needle on the left smalll
arc and move the pencil to
create an arc below the line
segment, under P.

3. Repeat on the right side.

4. Drow a vertical line to
connect point P and the
intersection of the bottom
two arcs.

/ USE SAME
WIDTHAS 1

[AT ARC

NEEDLE ON £

AT ARC '\’

® v

USE SAME B
WIDTH A\S 1
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CONSTRUCTING

PARALLEL LINES

To construct a line +hrough
point P and parallel to £:

1. Use a straightedge to

drow a Iong line +hrough P

and any point on Z.

2. Drow on arc through the

two lines. The arc coan be
anywhere below point P.

3. Move the compass
needle to P, and draw
o second arc above P.

94

P
L ]
P
4 AN
N\ r 4
Y/ L
ADJuUST WIDTH
[SO ARC IS

>4
N /Q 1 L4
NEEDLE ON INTERSECTION
OF LINES

(>
A
USE SAME
WIDTHAS 2

KNEEDLE
ON POINT?




. Set the compass
width to match the two
intersecting points of the
first arc.

3. Use that width to draw
o third small arc on the
upper arc. Draw o point at
the intersection.

6. Drow o line that
connects P and the point
made in step 5. The new
line is parallel to line Z.

INTERSECTION ~ Sy o= s
OF ARC ANDLINE //
A5 K

USE SAME
WIDTHAS Y

I'VE GoT
SOME GOOD
MOVES!
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CONSTRUCTING ANGLES

To construct an omgle congruen’r to £.G:

1. Draw a roy.

'\ N
G ? ® ?

2. Drawa large arc on £ G. Draw it again on the roy.

& VUSE SAME WIDTH

2
> ¢
O
\‘m\

& OPEN ANY WIDTH

'//,// P
\':,z
2>

S
4

G ; )
N NEEDLE ON G N NEEDLE ON POINT

3. On the ray, draw a small arc across the first arc.
Set the width by placing the needle and the pencil on the
intersection points of Z6.

SET THE WIDTH USE SAME WIDTH

NEEDLE ON INTERSECTION
OF ARC AND RAY

46



. Drow a ray from the point through the intersection of
the small and large arcs.

G/’(: /’( |

CONSTRUCTING ANGLE
BISECTORS

To construct an omgle bisector of ZM:

OPEN ANY

1. Draw a loarge arc that ,,
intersects both rays. he

A 4

2. Drow o small arc M X NEEDLE ON M
ocross the center of

g  WIDTH SLIGHTLY
the omgk».. Ploce the S»}\‘:\LLERL'{%‘;«NLi
needle on the upper

H H NEEDLE ON /
intersection of the arc. INTERSECTION __3)

Drow a second arc. OF ARC AND RAY

The size isn't important—

just make sure it passes M  —
through the center of

the angle.

47



3. Repeat on the opposite
ray. Droaw an arc to intersect
with the arc made in step Z.

4. Drow a ray from the
vertex of ZM through the
intersection of the two small
arcs.

48

SAME
WIDTH

As 2.

DID You SEE
THAT TWIST?
I'M AWESOME!

I
NEEDLE ON —7
INTERSECTION
OF ARC AND RAY

AN
1 s

ANGLE
BISECTOR




& CLECKYouR LOWLERCE

Copy the figure in each exercise and use a compass and
straightedge fo construct the following

1. & perpendicvlar bisector to AB
L ]
B

L
A

2. A perpendicular bisector to CD

L

C
L
D

3. & perpendicvlar line from point # to line n.
oA

E >N

4. & perpendicvlar line from point P to line m.

¢ >Mm
oPp

5. # line through point R and parallel to line #
oR

R CaRE

o

MORE QUESTIONS 99



[

. #n angle thot is congruent to ZD.

AN
4

D

=g

. #n angle thot is congruent to ZE

b 4

K
. The angle bisector of ZM.

Mm@

=2

. The angle bisector of ZJ.

AN
[

20



CLECK Your QIUSWERS

1.
°
B
o
A

MORE ANSWERS 31






Chapter &

LOGIC AND
REASONING

7
7
7

INDUCTIVE REASONING

INDUCTIVE REASONING is used to form hypotheses
(explanations) based on a set of observations. The explanation,
or conclusion, is called o CONJECTURE.

OBSERVATION —) CONJECTURE

EXAMPLE:

Every cat Emily meets purrs. Emily then assumes all cats porr.

observa'h'on canjecfure

33



Inductive reasoning involves:

1. Exomining a few examples

2. Observing o pattern

3. Assuming thot the pattern will alwoys hold

To prove that a conjecture is false, we need to £ind just one
counterexomple.

A COUNTEREXAMPLE is an exception to the observation.
It shows that a statement is false.

| = m m

| EXAMPLE: If Emily £inds one cat that does not purr, her
conjecture that all cats purr wovuld be false.

Conjecture: #ll cats porr.

Counterexample: One cat that does
not purr.

The conjecture is false .

24



“EXAMPLE: Prove the following conjecture is false:

Conjecture: All supplementary angles are o LINEAR PAIR,
meaning adjacent and supplementary.

Show a counterexample.

These angles are
supplementary (180°)
but not adjacent. They
are not a linear pair.

123 57°

Note: The counterexample is only used to prove the
conjecture is false. If you can’t find a counterexample,
that does not prove that the conjecture is true.
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Conditional Statements

CONDITIONAL STATEMENTS are statements that have
the form if-then. For example, If a condition is met THEN
an action is performed.

Conditional statements are either true or false.

To prove that a conditional stotement is true, yov must

show thoat the conclusion occurs £or all cases.

To show that a conditional statement is false, present a
counterexample that shows the statement is not true.
Conditional Stotements are written as: If p, then q.

The part of the statement after “I£" is called the
HYPOTHESIS (p).

The part ofter "then" is the called the CONCLUSTON (q).

I£ you stay vp all night, then you will be tired at school
tomorrow.

26



Hypothesis (p): you stay vp all night
Conclusion (q): Yov will be tired at school tomorrow

I£ p, then q can be written as

P

Regular stotements can be rewritten as conditional
statements. For example:

Regolar stotement:
All €ish have gills.

Conditional statement:
If itis o fish, then it hos gills.

(p) Q)

v

—
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B ANTPLE . \Write the following statement as
o conditional stotement:

Two congruen‘r line segmen‘rs have the some leng+h.
Conditional statement:
I€ two line segmen+s are congruem‘, then

(p)

+he3 have the some leng+h.
(q)

The CONVERSE of a conditional statement is formed by
switching the hypothesis and the conclusion.

If the original statement is If p, then q, then the
converse is:

If q, then p,or q = p.

CONDITIONAL CONVERSE
Pq QP

58



The converse of a trve conditional stotement is not

a|wags true.

Conditional: T Lily sees o puppy, then she smiles.
! (p) (q)

» Converse: If Lily smiles, then she sees o puppy.

[Q (p)

| The converse is nottrve in this case.

WHERE DID ALL THESE
PUPPIES COME FROM?

IDONT KNOW/!
EVERY TIME I SMILE,
A PUPPY APPLARS!

29



" EXAMPLE: \Write the converse of the conditional
stotement and determine i€ it is trve or false.

Conditional: I x = 5, then x* = 25,
(p) Q)

The converse is:

I€ x2 =125, then x =5,
) (P

This is not alwags trve. x can also be -5, since (-5)% = 25,

The counterexample of x = -5 shows the converse is false .

Biconditional \
gﬁaﬁemenﬁ;s Bi means two.

A biconditional statement
In o BICONDITIONAL is a combination of
statement, the conditional is two statements.

trve and its converse is trve.

/ True Conditional + True Converse = Biconditional

T

# biconditional statement is written as:
60



p if and only if q (written as p.if{ q)

stands for
= “if and oh'y i

Peq

I+ is also written as:

This means: if p, then q, and if q, then p.
( p2q oand q=ap )

Conditional: I 2 # ond Z 8 are congruent, then
(p)

+he3 have the some measvure.
(q)
p=2q |

Converse: If Z A and £ 8 have the same measure, then
(q)
they are congruent.
(p)
L qaPp |

Riconditional: £ A ond £ are congruent if and only i€
(p)

’rheg hoave the same measvre.
(q)
' Pe&q |
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EXAMPLE:

Conditional: I Z & is o straight angle, then mZ A = 180°.
(P (q)

Converse: Tf mZ A = 180°, then Z A is o straight anglle.
(q) (p)

Biconditional: £ 4 is o straight angle if and only i€

(p)
mZ 4 = 180°,

(q)

DEDUCTIVE REASONING
DEPUCTIVE REASONING vuses given facts and
statements to reach a conclusion Iogicang.

Laws of Deductive Reasoning
There are two laws of deductive reasoning=

Low of Detachment
Low of Sgllogism

LAW OF DETACHMENT
If the statements p = q and p are true,
then the third statement q is true.




The €o|lowing two stotements are true:

1. If John eats sushi, then he uses chopsticks.

(p)

o/ 12! John eots sushi.

(p)

Using the LAW OF DETACHMENT,

we can conclvde that the statement: @

John vses chopsticks is true.

(q)

S“EXAMPLE: \What can yov
conclude from these statements?

If Z & ond £ B are vertical angles, then mZLA = mZL8.

Z A ond Z® are vertical angles.

mLA=mLB
(q)

(p)

(p)

(q)

(q)
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LAW OF SYLLOGISN
If the statements p = q and Q=" are both true,
then the statement p = r is also true.

/

The €o|lowing stotements are true.

1. I€ T wotch a scary movie, then T get scared.

(p) [Q

2 IfT ge’r scared, then I will hide vnder my blonkets.
(q) ()

Using the LAW OF SYLLOGISM, we can conclvde that:

I€ T wotch o scary movie, then T will hide under my blankets.

(p) ()
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Inductive Reasoning: uses specific examples or past
observations to reach a conclusion.

CONDITIONAL STATEMENT: If p, thenq. (p = Q)

BICONDITIONAL STATEMENT: p if and only if . (p & Q)

Deductive Reasoning: uses given facts and stotements to
reach o conclusion Iogicallg.

LAW OF DETACHMENT: If p = q is trve and p is frue,
then q is frue.

LAW OF SYLLOGISM: If p < q and q = r are frue,
then p = r is true.

€5



@t

1. What is inductive reasoning’.’

WECLvour K IOWLEDEE

2. Prove the following conjecture is false vsing a
counterexample.

All complementary angles are adjocent.
3. Write the following as a conditional statement.
All penguins are birds.

4. \Write the converse of the {-‘ollowing conditional
stotement and determine if it is true.

I AB 2 CD then AB = CD.

5. Form a biconditional using the #ollowing conditional ond
its converse.

Conditional: If mZ A = 90°, then Z A is o right angle.
Converse: If ZAis a right angle, then mZLA = 90°.

66



6. \Whot is deductive reasoning?

1. Given the {»‘ollowing truve stotements, write o logical
conclusion using the Low of Detachment.

Given: If BD bisects Z ABC, then mZ ABD = mZ DBC.
8D bisects Z ABC.

8. Given the €ol|owing trve stotements, write a third
stotement using the Low of Sgllogism.

If Abbg studies hard, then she will ge’r good gmdes.

If Abbg gei-s good gmdes, then she will ge+ info a good
universi’rg.

ANSWERS 67



CLECK Your QIUSWERS

1. Inductive reasoning vses specific examples or

past observations to reach a conclusion.

2. One possnble example:

3

3. If it is a penguin, then it is a bird.
4. If AR = CD, then AR 2 CD. This is true.
5. mZA=90°iff LAisa right angle.

6. Deductive reasoning vses given focts and stotements to
reach a conclusion Iogicang.

7. mLABD = m£LDBC

8. If Abbg studies hard, then she will ge‘r into o good
universi+9.
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PROQFS A COUNTEREXAMPLE

H
A proof, or logical argument, AECUON?C;TJ?E Is
can be vsed to show why FALSE.
o conjecture is true. A PROOF SHOWS THAT

IT IS TRUE!
We vse properties of equality
(from olgebro) and properties
of congruence 1o show proofs.

EQUALITY PROPERTIES: Whatever Yov do to one side
of on equa’rion shovld also be done to the other side.

(4]



- OF AND
PROPERTY DEFINITION EXAMPLE

ADDITION- The some number Ifa = b then
SUBTRACTION con be added to/ a+c=b+c
PROPERTY OF subtracted fromboth  a-c=b - ¢.
EQUALITY sides of an equation.

MULTIPLICATION = The some number con | If A = b, then
PROPERTY OF be multiplied to both axc=bxc

EQUALITY sides of an equod-ion.

DIVISION Both sides of an Jela=+4
PROPERTY OF equation can be I
EQUALITY divided by the same = then -~ = —
' non-zero number. (c = 0).
REFLEXTVE A number is equal to a=a0
PROPERTY itself. - .
OF EQUALITY- AB =z AB
CONGRUENCE

70



PROPERTY

SYMMETRIC
PROPERTY OF
EQUALITY

SYMMETRIC
PROPERTY OF
CONGRUENCE

TRANSITIVE
PROPERTY OF
EQUALITY

TRANSITIVE
PROPERTY OF
CONGRUENCE

SUBSTITUTION
PROPERTY OF
EQUALTTY

DISTRIBUTIVE
PROPERTY

DEFINITION

The order of on
equali’rg con be
reversed.

I£ two numbers are
equal fo the same
number, those
numbers are equal.

I£ two numbers
are equoal, yov can
replace one with
the other in an
expression.

Multiply the number
ovtside the parentheses
with each term inside
the parentheses.

EXAMPLE

If O = b, then
b=a.

16 7B D,
then CD = AB.

Ifa=bond
b=c thena-=c

If AB= CDond
CD 2 EF then
AB = EF

If a-=0b then
b can be
substituted
for ainany
expression.

alb+ ¢
=ab+ ac

n



There are different types of
proofs, but there is no single
correct answer when writing

THROUGH THIS SERIES OF FACTS,

I CAN PROVE THIS MAN IS

INNOCENT!

o proof, as long as it is logjcal R R

and supported with evidence. A '"*-,,,_F;_?

(S T4

= "] |

Two-Column Proofs

# TWO-COLUNN PROOF is o proof that is arranged in

o fwo-column table. It starts with the given statement, and

follows steps to reach the statement being proven.

For each statement in the le€t column, the reason for thot
step is in the right column. Reasons can be:

given information definitions
theorems properties
postulates

Two-column proofs are set in the following formot:

Given: AB 2 BC AR = 2x BC = 16
Prove: x =8

> @
N
R
oK |
o
o
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STATEMENTS

REASONS

1. ABz BC

AB=2x BC =106
L 2.AB =8BC
each
[ statement
| 3.2x=10 needs a <
reason
4 x=8

1. Given always start
with the given

2. Definition of losi
ogncal sfe,:s

congruence to get from
statements

1to 4

3. Substitution
Property of Equality

4. Division Property of €quality

what we'r'e Prow'hg

73



SEXRAMPLE:  Prove that if M and KN are K
bisectors of LN and MO, then LM 2 NO,

List all known informaodtion.

What I know:
EM is o bisector of LN,
so:LM & MN

KN is o bisector of IVI_Q
so:MN 2 NO

[:_\/N\N &)

I'LL USE THE TRANSITIVE
PROPERTY OF CONGRUENCE
TO PROVE THAT LM= NO.

TRANSITIVE PROPERTY OF CONGRUENCE
I AB=CD and CD% EF then AB2 EF

The two-column proof is:

Given: KM is o bisector of LN.
EN is o bisector of MO,

Prove: LM 2 NO
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STATEMENTS REASONS

1. EM s o bisector of LN. 1. Given
lZ\f is o bisector of MO,

2. LMz MN 2. Definition of segment bisector

3. MN 2 NO - 3. Definition of segment bisector

4. LMz NO | 4. Transitive Property of
Congruence

. Note: Since statements 2 and 3 have the some reason,
- they can be combined into one step.

Flowchart Proof

& FLOWCHART PROOF is o diagrom that uses boxes and
- arrows to show the logical order of each statement leading
~ to a conclusion.




Given: BD bisects AC BD = BC
Prove: AB = BD \

G"'vch

!
e

Definition of segment bisector Definition of congruence

e &«

T e
(3]
Oe

Transitive Property of Congruence

ew

Definition of congruence

Given: £ PGR is a right angle
Prove: Z1ond £ are |
complementary angles
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ZLPRRisa MZPGR = 90°

right angle
Definition of riglaf angle
Given Zlond £2 are
complementary
ongles
mZl+ mZL = mLPAR MLl + mZLL = 90° 9e
Ah9|e Addif:’oh Postulate Substitution Definition of
comP'emenfdry
angles

Paragraph Proof

# PARAGRAPH PROOF (or informal proof) explains why
o conjecture is frve in paragroph form. It still follows
logical steps and gives reasons for them. It's less formal
than the two-column proof.

| EXAMPLE:

Prove vertical angles Zlond Z12 | (2
ore congruem‘.

Sample paragroph:

We are given thot £1and £2 are vertical angles. Since
linear pair angles are supplementary, m£1+ m£L3 = 180°
ond m£LZ + m£L3 = 180°. Using substitution, m£L1+ mL3 =
mZL2Z + m£L3. Subtracting m£L3 from both sides gives
m£L1=m£L2. BY the definition of congruence, £12 L7,
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"EXAMPLE:

Given: £12 L2, mZL2=mL?>

Prove: 12 53

Here is this proof in three different formats.

Two-Column Proof

Given: £12 L2, mZL2=mL>

Prove: L1253

STATEMENTS REASONS

1. 412 L2, mZL7L=mZL> 1 Given

2,123 2. Definition of congruence
341243 3. Transitive Property of
Congruence
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EXAMPLE:

Flowchart Proof
mZL72 =msL3
Llz2 /1 Given
Giveh
Ll /L3

Definition of congruence

Lz 3
Transitive Prorerfy of Congruence

“Paragroph Proof

It is given that mZL2 = mZ3. Ffrom the definition of
congruence, L2253 Ttisalso given thot 12 L1,

Therefore, by the Transitive Property of Congruence,
L2 L3

7



& G

For questions 1-5, state the property of equality or
congruence that represents the given stotement.

WECK vour (LHIOWLERCE

1. If 4x =16, then x = 4.

2. 2x+1=2x+1

o

| I€y=3x+4omdy=5,+hen5=3x+4.

. I§ AB= CDand CD 2 €F then AB = EF

o

W

L P2 LA then L2 2L 7P

80



6. Complete the two-column proof below.

Given: mZBAD = 97°, B
mZ_CAD = 32° c
Prove: mZL BAC = 65°
A D
STATEMENTS REASONS
1] 1
7. mZLBAC + mZLCAD = 2. Angle Addition Postulate
mZ_ BAD
3 MLBAC+32°=97° 3
4. 4. Subtraction Property
of Equali’rg

MORE QUESTIONS 81



1. Fill in the missing steps in the flowchart proof o prove
that mL GFH = mL IR,

Given: mZ GFI = mZHF)
Prove: mZL GFH = mZLIF)

Given

MZLGFET = mLGHH + mZHFT
Angle Addi"'ioh Postulate Ahg'e Addi'h'oh Postulate

Substitution

MLHFL = mLBFT
Reﬂexive ProPer','y

mZ2GFH = m2TIF)

82



8. Fill in the missing blanks in the paragraph proof.
. =T L
Given: £ bisects SU

Prove: ST = % SV

0ne
4
ceo

We are given thot

£ bisects SU. By the

Segment Addition

Postulate, . BY the definition of
ST= TU Congruent segments have equal length, so

Subs+i+u+ing this into ST + TU = SU gives ST = % SV.

9. Fillin the missing blanks in the paragroph proof.

Given: £12 2 /3 Z10ond Z12 ore verticol angles
Prove: mZL1=mZL>

Since £1and Z2 are vertical onglles, I+
is given that L1212 L3 By the VL12 L3,
Congruerﬂ- omgles have eclual meaosure, SO

ANSWERS 83



CLECK Your QIUSWERS

84

1. Division Property of €quality (or
Multiplication Property of €quality)

2. Reflexive Property of €quality

3. Substitution Property of Equality (or Transitive
"Property of €quality)

4. Transitive Property of Congruence
5. Symmetric Property of Congruence
6. STATEMENTS REASONS

1. mZLBAD=97°, mLCAD=32° | 1. Given

2. mZLBAC + mLCAD = 2. Angle Addition Postulate
mZL BAD
3. Substitution Property
3 mMLBAC+32°=97° of Equality
4. mZLBAC = 65° 4. Subtraction Property
of €quality



MLGFL = mZLHF)
Given

MZLGFL = mLGH + mLHFT MZLHAF) = mZLBFL + m£TR)
Angle Addi"’ion Postulate Ahg'e Addi‘h'on Postulate

mLGHH « mZLHFT = mZHFT + m£TIF)
Substitution

MmLAFT = mZHFT
Reﬂexive ProPerfy

mLGEH = m2ZIF)
Subtraction ProPerfy of E1uali‘l’y

8. We are gjiven that £ bisects Su. By the Segment Addition
Postulate, ST + TU = SU. BY the definition of segment
bisector, ST TU. Congruent segments have equal length,
o ST = TU. Substituting this into ST + TU = SU gjves

|
ST=—-3V,

9. Since £1and £ are vertical angles, £12 £7. Tt
is given that £2 2 £3. By the Transitive Property of
Congruence, £12 £3, Congruent angles hove equal
measure, so mZL1=mL3.
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Chapter

PARALLEL
LINES AND
TRANSVERSALS

PARALLEL LINES ore lines on the same plane that never
meet (intersect). Theyre indicated with arrows.

& ’ v d /Q Parallel lines

are the same
distance
'Frorn eaclm
S o‘Hmer over
(' b i’ M ‘Hiel'r entire
leng'HiS.

arrows on lines show the lines
are Para“el

This notation " is used to show parallel lines: Z " m



" is the symbol for "is parallel to"

H is the symbol for “is not parallel to

SKEW LINES are two lines, on

different planes, that never meet.
1 JUST WANT
TO MEET You

n —— -
1 24
I

4

h and m are skew lines

P
PARALLEL PLANES ore two / /
planes that never intersect.
A4

Plane Pl Plane @

Two segments or rays are parallel if the lines that contain
them are parallel, and they are skew if the lines thot
contain them are skew.
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| EXAMPLES:

/E : /E :
A D A D
E G Z /G
B C B C
Parallel Segmeni-s Skew Segmen+s Parallel Planes
A€ || D# AD and HG Plane A€H || Plane BC6 -
éF " DC BF and €H

BC || €+

¢

TRANSVERSALS \‘P
& TRANSVERSAL is a line that intersects \ .
two or more lines.

/”fL

The angles thot are formed bg o tronsversal w ersal
and the lines it intersects have special names.

INTERIOR ANGLES are all the angles between “ P
the lines intersected by the transversol. b .
Interior ahgles: sfe n
43,24, £5, L6 1
EXTERIOR ANGLES are all the angles thot L P
ore not between the lines intersected bg 2\)
mo
the transversal.
Exterior angles: |__— 1
L2272, 21, 28 iﬂ ]

0



TRANSVERSAL ANGLE PAIRS

ANGLE PAIR

ALTERNATE
INTERIOR
ANGLES

SAME-STDE
INTERIOR
ANGLES

(CORRESPONDING
INTERIOR ANGLES)

ALTERNATE
EXTERIOR
ANGLES

EXAMPLE
T
© N

sjle—
g

Z3and 20
ond

Z3and 25
Z4ond Z0

T
<.
\

—

kﬂ
Zlond 28
Z7ond 21

CHARACTERISTICS

interior omgles on
opposite sides of the
transversal

interior omgles on
the some side of the
transversal

exterior angles on
opposite sides of the
transversal

1



TRANSVERSAL ANGLE PAIRS
ANGLE PAIR EXAMPLE CHARACTERISTICS

T
CORRESPONDING \3‘ 2 in the same relative
ANGLES - position on each line
sjle_— on the same side of
1’ the transversal
Zlond £5
and
Z3ond L1
Z4ond £8

EXAMPLE: Nome all pairs
of alternate interior, some-side

interior, alternate exterior, and
corresponding angyles in the figure.

Alternate interior angles: Z2ond L1, ZL30nd L6
Same-side interior angjles: Z2ond 23 Zbond L1
Alternate exterior angles: Zlond £8, Z40ond L5

Corresponding angles: Z1ond £3, £2 and £4,
Z50nd L1, Lbond £8

2



Two or More Transversals
This JFigum shows fovr transversals. Everg line is a transversal
to two other lines:

Lis a transversal intersecting n and p.

mis o fransversal infersecting n and p.

nis a transversal in+ersec+ing Londm. o
Y

P is o fransversal intersecting Land m.

Some special angle pairs formed by a transversol
in the figure above are:

Z1ond Zb: alternote exterior angles, connected
by transversal L.

Z.1ond Z3: alternate exterior angles connected
bg tronsversal n.

Z.3 ond £5: alternote interior angles connected
bg transversal m.

Z. 4 ond Z.5: some-side interior angles connected
by ransversal p.

Z.7 ond Z.5: same-side interior angles connected
bg fransversal m.
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SEXAMPLE: ' Nome all the transversal 2 ~
angle pairs in the figure. |

2¥Y >
€ach line is o transversal that <
. %
connects the other two lines. /6 \' - 1
2 m L m
| |
2¥Y3 23
) 4 5 I N n ) Y 5 . N n
S I 4 \ r 4
7N\ VAR
Z is o fransversal connec‘ring m is o transversal connecﬁng
m and n. Lond n.
L m
|
23
y) "l' S . »n_

nis a transversal connecﬁng
Land m.

%



The transversal angle pairs are:

Alternate interior angles:
Z.7 ond Z 4, transversal m
(£.2 and Z4 are between lines Zand n)

Some-side interior ongles:
Z.3 ond Z.5, transversal /
(£.3 ond Z5 are between lines m and n)

Alternate exterior omgles:
Z.1and Z06, transversol m
(Z£1and Zb are ovtside lines Zand n)

Corresponding angles:
Z1and £5, transversal Z
Z3 and £4, transversal m
Z 4 and £5, transversal n
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For cluesﬁons 1-3, use the #igure below.
B

WECK vour (LHIOWLERCE

D F

1. Name two segments parallel to AD
2. Nome three segments skew to AC.
3. Name two parallel planes.

For ques’rions 4-1, vse the fr‘igure below.

. Nome all alternate interior angle pairs.

96



5. Name all some-side interior angle pairs.

6. Name all alternate exterior angle pairs.

1. Nome all corresponding angle pairs.

For quesﬁons 8-11, use the Gigure below.
i

"'\ /‘

1\2 3

— —m

y i 6 7 \ n

] \/ T

8. Name the transversal thot connects Z1and £5, and

nome the angle pair.

9. Noame the transversal that connects Z5 and £ 1, and

name the angle pair.

10. find the alternate interior angle pair that is numbered.

Nome the transversal thot connects it

11. Find all corresponding angles that are numbered. Name

the transversal that connects each pair.

ANSWERS
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CUECK Your QSWERS

1. BEand CF

2. BE DE ond EF

3. Plane ABC and plane DEeF
Y. £2 ond L1, L3 and Lb
5. £2 ond £3, ZLbond L1
6. Llaond £8, £4and L5
1. Llond £3, £2 ond £4, £5 ond £, L6 ond L8
8. Transversal m, alternate exterior angles

9. Transversal £, some-side interior

10. £4 oand Z£ob, transversal k

11. Z1and £3, transversal m

Z2 ond Zb, tronsversol k
Zb ond £, tronsversal n
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PROVING SPECIAL
ANGLE PAIRS

Special angle pairs in parallel lines have specific properties,
and can be vsed to prove that two lines are parallel.

CORRESPONDING ANGLES PUGTULAVTE

N\

I£ two parallel lines are cut by a fransversal, their
corresponding angles are congruent.

Y

lie on the same side
o'F Hw "'ratherSa'

| J2 L1225
3 L1206
A L3227

9



Important: The lines must be parallel.

PARALLEL NOT PARALLEL
CONGRUENT ZNOT CONGRUENT
ﬁ/ M

/

SEXANPLE: In the figure below,
mZ.2 = 81°. Find all other angles
with a measvre of 81°

Since the lines are parallel,
we know:

Corresponding angles £7 and £b are congruent, so:
mZLb = 81°

Vertical angles Z.7 ond Z4are congrvent, so:
mZ4 = 81°

Corresponding angles £ 4 and £.8 are congruent, so:
mZL8 = 81°

100



ALTERNATE INTERIOR ANGLES THEOREL]

If two parallel lines are cvt by a fransversal,

then their alternate interior angjles G—=- f —
l+/

2
are congruent.
Ll 23 . 2
A
21224 l
| EXAMPLE: K 9
i : RZ %6 [
GNen-k"Z ¢ nes e ) m
Prove: £52 L3
STATEMENTS REASONS
1k "Z 1. Given
.43 /L7 2. Corresponding #ngles Postulate
34125 3. Definition of vertical angles
4. L322 L5 4. Transitive Property of Congruence
5. L5223 5. Symmetric Property of Congruence

101



ALTERNATE EXTERIOR ANGLES VHEORELY

I£ two parallel lines are cvt by a

transversal, then their alternote «—
exterior angles ore congruen‘r.

EXAMPLE: Find mZ1 mZ2, and mZ3 in the
\Cigure below.

N

N

)

mZ1=122° from the 9
CORRESPONDING ANGLES -
POSTULATE with lines £ and e m

m and transversal £

102



mZ.2 = 22° from the ALTERNATE \ L
INTERIOR ANGLES THEOREM, with /

lines m and n and tronsversal / Y
2

» m
> h
\t

S

mZ.3 = 130° from the ALTERNATE 7\ >
EXTERIOR ANGLES THEOREM, with 130

B ]
lines m and n and transversal s. / \
/? \

m
) h
t

SAME-SIDE INTERIOR ANGLES THEOREL

When two parallel lines are infersected by a transversal,
then their same-side interior angles are supplementary,

2 L 4=
L mLZ + m£L3 =180°

~—
1

103



EXAMPLE: Find the valves for x and Yy in the figure.

(ex-32)

(¥x+2)

On F we know the labeled angles are supplementary
(from the SAME-SIDE INTERIOR ANGLES THEOREM):

bx - 32 +4x+ 2 =180

10x - 30 = 180 Simpli(—‘g.
10x = 210 Add 30 to both sides.
x=121 Divide both sides bg 10.

On N, we know the labeled angles ore congruerﬁ-
(from the ALTERNATE INTERIOR ANGLES THEOREM):

10y + 4 =y

y=4 Subtract 10y from both sSides.
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PARALLEL LINE PUETOLHTE AND TEEORENS

CORRESPONDING
ANGLES
POSTULATE

ALTERNATE
INTERIOR
ANGLES THEOREM

SAME-STDE
INTERIOR
ANGLES THEOREM

ALTERNATE
EXTERIOR
ANGLES THEOREM

mZL1+mZL4=180°
mLZ + mL3 =180°

T

Corresponding
angles are
congruent if the
lines are parallel.

Alternate interior
angles are
congruent if the
lines are parallel.

Some-side
interior

angles are
supplementary
if the lines are
parallel.

Alternate
exterior angles
are congruent
if the lines are
parallel.
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@ CHECKYou (IOWLEDCE

1. Can the Alternote Interior Angles Theorem be vsed to
£ind the valve of x7

[

xo

~

=3
L4

a7’

For questions 2-5, find m<£1. What theorem or postulate did

Yov vse?

gb b
£ {EEk .

. 5
125°
\ 4 U
4 | |
6. In the figure to the right ¢ 932"")
mZ 11 = 103°. Name all the — 85 Ly
R a/10
other angles that have a —f P
measvre of 10%°, 2,

106



For ques’rions 7 and 8, vse the Figure below.

) (y+5'-|-)°//\ )
> (ox=1y
(qx+q)f

& [(Zy |)

1. Find the valve of x. What theorem or postulate did you

vse to find the valve?
8. Find the valve of Y.

For ques’rions 9 and 10, vse the Figure below.

/ (zk
(5a+98)° o4
-

/ \

9. Find the valve of a. What theorem or postulate did
Yov use?

10. Find the valve of b. What theorem or postulate did
Yov use?

ANSWERS

107



CUECK Your QSWERS

1. No, the lines are not parallel.

2. mZ1 = 94°, using the Corresponding Angles Postulate

3. mZ]1 = 48°, using the Alternate Exterior Angles Theorem

4. mZL1="55°

Theorem

5. mLl=94°

using the Some-Side Interior Angles

: using the Alternote Interior Angles Theorem

6. L), L3 L5 /L1, /LA

7. x=10, using the Alternate Interior Angles Theorem

8. y=55

9. a=12, using the Some-Side Interior Angles Theorem

10. b = 3Z, using the Corresponding Angles Postulote

108



Chapter

PROVING LINES
PARALLEL

The converses of the parallel line theorems and postulates

ore true.

CONVERSE OF CORRESPONDING - If corresponding angles

ANGLES POSTULATE

CONVERSE OF ALTERNATE
INTERIOR ANGLES THEOREM

CONVERSE OF SAME-SIDE
INTERIOR ANGLES THEOREM

CONVERSE OF ALTERNATE
EXTERIOR ANGLES THEOREM

ore CONGRUENT, then the
lines are PARALLEL.

If alternote interior ang|es
ore CONGRUENT, then the
lines are PARALLEL.

I1£ same-side interior angles
are SUPPLEMENTARY, then
the lines ore PARALLEL.

If alternote exterior angles
ore CONGRUENT, then the
lines are PARALLEL.

109



Use these theorems to determine if lines are parallel:

CONVERSE OF SAME-SIDE
INTERIOR ANGLES THEOREL]

T

Some-side interior angles are
supplementary (101° + 19° = 180°%),
so lines r and s are parallel.

CONVERSE OF ALTERNATE
EXTERIOR ANGLES THEOREL

 —
Alternote exterior angles ore not f
. e
congruent so lines e and f are g
y5° +3°

not parallel.

CONVERSE OF CORRESPONDING

ANGLES PUGTOLATE
Corresponding angjles are not 120
congruent, so lines hand i are s
not parallel.

110



CONVERSE OF ALTERNATE
INTERIOR ANGLES TOHEOREL]

T

Alternate interior angles are . v
congruent, so lines v and w 128
are parallel. 38° w
%

EXAMPLE: If i"_,‘ and /" K prove_,’" 3 |/\

¢ i
Given: i"J', i"I‘ . 5/ y
Prove: J'"k ) A J

¢ i illjsothen 222 20
L6 Z10

i illksothen £2 ¢ 210

M



STATEMENTS REASONS

Lill | 1. Given

.L2:2L06 2. Corresponding fngles
Postulate

3.£L2:210 3. Corresponding #ngles
Postulate

4. Loz Z10 4. Transitive Property of
Congruence

5 " k 5 Converse of Corresponding

Angles Postulate

EXAMPLE:  Is line £ parallel fo line n? “’ *
) L

Since 31° + 57° = 88° the alternate interior 3r
angles are congruem-.

By the CONVERSE OF ALTERNATE
INTERTIOR ANGLES THEOREM,
we know Zis parallel to m.

112



“EXAMPLE:

Write a paragroph proof to show 12 2 |
thot i€ MZ.2 + mZ.1 = 180°, then *® L
Z" m. st w1

81 |

Given: mZ2 + mZ1 =180° |
Prove: / " m i

Given: m£ 2 + mZ1 = 180°. Becavse vertical angles i
have equal measure, n£2 = mZ 4 and m£ T = m£L5. i
Subs+i+u+ing these two valves into the given eqpod-ion |
gives m£L4 + m£L5 = 180", i

8y the CONVERSE OF SAME-SIDE INTERIOR ANGLES I
THEOREM, £ || m. € 1
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Complete each sentence.

WECK vour (LHIOWLERCE

1. If alternote interior angles ore congruent then the lines
ore

2. If some-side interior omgles ore , then the lines

are parallel.

For qpesﬁons 3-6, determine whether lines £ and m ore
parallel and state the reasoning,

Tt £ m
3. y.
l - N o° o
o t
al
& ( -5 m

121° m
| 83 il

121° q1°

14
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8. Which of the following lines are parallel? Explain your
reasoning

(32

/ i
=N

9. Fillin the blanks in the paragraph proof o show thot if
MmZ1+ mZo = 180°, then £|| m.

4
Given mZL1+ mZLb = 180°. Becovse T
2

~.
ul B
\6
817

"

have eclual meaosure,
m£L1 = m£L3. Substituting into
the given equation gives
By the IZ " m.

MORE QUESTIONS 115



10. Complete each statement and reason for the following

proof. 2

3 /m>ﬂ
iadih e
e

STATEMENTS REASONS

Prove: / || m

/
Given: n " omZLl+mLA4 =180" € /z

Lnllomgi+mza-180" 1 Given

1.L32 L4 2.

3 mL3=mL4 3. Definition of congruence

4. 4. Definition of vertical
angles

5 mLl=mLL 5.

b.mZL2Z+mL3 =180° b. Substitution

14| m 1
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CUECK Your QUSWERS

1. parallel

2. supplementary

3. No, alternate interior angles are not congruent.

4. Yes, Converse to Same-Side Interior Angles Theorem.
5. Yes, Converse fo Alternate Exterior Angles Theorem.
6. No, corresponding angles are not congruent.

7. Yes. (Since 180° - 126° = 54°, d " e by Converse to
Corresponding Angles Postulate or Converse to
Alternate Exterior Angles Postulate.)

8. pis parallel to ¢ Since 64° + 5¢° = 122°, p || g by
Converse to Alternote Exterior Angles Theorem
(with transversal £).

9. Given mZL1+mZLob = 180°. Becavse vertical angles have
equal measure, m£1 = m&£L3. Substituting into the gjiven
equation gives m£L3 + mZL b = 180°. By the Converse of
Same-Side Interior Angles Theorem, £ " m.

MORE ANSWERS 17



10.
STATEMENTS

1nllomzismza-180°

2.L32 /4

3mL3=mL4

4. 12 L2

5mZ1=mZL12
b.mZL2+mL3=180°

'I.Z"m

118

REASONS
1. Given

Z. Corresponding #ngyles
Postulate

3. Definition of congruence

4. Definition of vertical
angles

5. Definition of congruence
6. Substitvtion

1. Converse of Same-Side
Interior Angles Theorem



dwnik

P
Triangles and
Congruence /é\

19




TYPLS

7
7

/7,
7
4

7~

# POLYGON is o TWO-DIMENSIONAL (flob) closed figure
with ot least three s+raigh+ sides.

# TRIANGLE is o polygon with three sides and three
angles. The symbol for o triongle is A.

To noame o ’rriangle, write the A sgmbol followed bg the
letters of the three vertices.

Triangle: AABC B
Sides: AB, AC, BC A

Vertices: &, B, C

120



CLASSIFYING TRIANGLES

\We can CLASSIFY (or orgomize) friangles bg their sides:

EQUILATERAL ISOSCELES SCALENE
TRIANGLE TRIANGLE TRIANGLE
These marks These marks

mean the sides mean the
are equd'.\ angles
are equal.
3 cor\gruemL sides /A congruemL sides 0 congruen+ sides
3 congrueni' omgles YA congrueM omgles 0 cor\gruemL omgles

We can also classify triangles by their ypes of angles:

ACUTE TRIANGLE OBTUSE TRIANGLE
<90°
>90°
<9q0° 290°
3 ocvte omgles 1 obtuse angle
(all angles < 90°) (one angle > 90°)

121



EQUIANGULAR TRIANGLE

3 congruen’r ang|es

If a triangle is equilateral, then it is equiangular.
If a triangle is equiangular, then it is equilateral.

If a triangle is equilateral, then it has three 60° angles.

EQUILATERAL é=—> EQUIANGULAR

\We con combine both sgs’rems of classification to describe
o friangle more precisely.

"EXAMPLE: Clossify the friangle.  x

ANGLES: There is one obtuse angle. \7
SIDES: No congruent sides 10 ioe

»
TYPE: An obtuse scalene triangle Y I 2
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SERXAMPLE: ACbisects Z BAD.
Determine if AABD is acute,
obtuse, right, or equiangular. A

(1%X+3)°
(+HX+21)°

Step 1: Find the valve of x.

Since AC bisects Z_BAD, that means it divides Z BAD
into two congruen’r angles with equal measvre.

mZL BAC = mZLCAD

Ix+3=4x+ 1] Substitute.

3x+3=17] Subtract 4x from both sides.
3x =18 Subtract 3 from both sides.
X=0 Divide both sides by 3.

Step 2: Find mZL BAC, ML CAD, and mZL BAD

ML BAC = (Ix + 3)° = () + 3)° = 45°
MZLCAD = (4x + 21)° = (4(6) + 21)° = 45°
mZLBAD = mZL BAC + mZLCAD

= 45° + 45°

- 90°

Since Z BAD measvres 90° it is o right angle,
so AABD is o right triangle.

123



Isosceles Triangles

In on ISOSCELES TRIANGLE, the
sides that are equal in length are
colled the LEGS. The third side is
called the BASE. The angles opposite
the legs are called the BASE ANGLES.

In this isosceles triangle:
Z# is opposite BC.
Z. 8% is opposite AC.
Z.C is opposite AB

ISOSCELES TRIANGLE THEOREL

I€ two sides of o ’rriomgle ore congruent then the angles
opposite those sides are congruent. B

I€ AB 2 BC then LA LLC.

The converse of this is also trve.
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I CONVERSE OF ISOSCELES TRIANGLE THEOREL

If two angles of o +riangle ore congruen‘r, then the sides

opposite those angles are also congruent.
B

If LA 2 ZC then AB= BC

SEXAMPLE:  Find the valve of xin ZLMN.
_ M
Since LM 2 MN, we know thot
ZLis congruent to Z N (from the
ISOSCELES TRIANGLE THEOREM).

mZL=mZN

3x+3=5x-13 Substitute.

3=2x-13 Subtract 3x from both sides.
260 =2x Add 23 to both sides.

x=13 Divide both sides by Z.
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Complete each statement.

WECK vour (LHIOWLERCE

1. An isosceles Jrriomgka hos congruen’r sides.

2. A scolene ’rriomgle hos congruen’r sides.

3. An ocute Jrriour'sgle hoas ocvte angles.

Y. The measvre of Z A is g
B

For ques’rions 5-1, classi&d each +riangle bg its omg|e ond side
measvrements.

12
40
7.
> 24

126



8. QS bisects Z PAR. Determine if APGR is acute, obtuse,

or right. P

10. Find the valve of Y in the +riomgle below.

\/ \/

23 23

11. Find the valves of x, Y ond zin the €igure below.

B
5 P ey’
X 24
24
A \"l"i' ’ 'l-"l'( D

ANSWERS
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CLECK Your QIUSWERS

1. two

2. 2ero

3. three

4. 60

5. right scalene

6. acvte, equiangular, and equilateral
7. obtuse isosceles

8. obtuse

9. TIx -8 = 5x + 20, therefore, x = 14
10. 10 = 4y-10,s0 y =20

0. x=24,y=44,2=1
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Chapter U1
INTERIOR AND

ANGLES

INTERIOR ANGLES

The angles inside o +riangle ore the
INTERIOR ANGLES.

Interior angles: LN L1, LD | 3

TRIANGLE ANGLE-SUN THEORELY

The sum of the measvres of the three
interior angles is 180°.

mZLl+emZL2 + mL3 =180°



SEXAMPLE:  Find mZCin AABC.
ZBisa right angle, so mZ® = 90°.
From the TRIANGLE ANGLE-SUM
THEOREM, the measures of the omgles
in a triangle add vp to 180"
mZLA+ mZLB + mZLC =180°
35°+90° + mZC = 180°

125° + m£LC = 180°

mZC = 55°

S“EXAMPLE: Find the measvres

of each ange in AGHT.

#All three interior omgles
add vp to 180™

mLG + mLe + mZLT =180°

U (Ox+N+(Ax-19+2x=180

130
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18x -18 = 180

18x =198

Subs’ri’ru’ring x = 11into each omgle measvure gives:
mZLG=Cx+1 =01+ 1)°=18°
mZH = (Ax -19)° = (A1) - 19)° = 80°

mLI=02x°=20°=122° 3

_ CHECK YOUR WORK

MLG + mLb + mLT =18°+ 80° + 22° = 180°
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EXTERIOR ANGLES
The angles on the outside of
the triongle are the EXTERTOR B exterior angle
ANGLES. J
|

Cc

Z_1is an exterior angle
of AABC.

Z1ond £7 are supplementary to each other.
mZL1+mL2Z =180°

S“EXANPLE: In APGR mZLAis
45° and mZ£LR is 85°. Find mZ1.

First, find the measure of Z QPR.

#ll three interior angles add
up to 180"

MZLAPR + mLA + mLR =180°
mZL QPR + 45° + 85° = 180°

mZL QPR = 50°
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Then, vse that information to find mZ_1.
Z1ond ZAPR are supplementary,

mZL1+ mZLAPR =180°
mZ£1+50° = 180°

mZ£L1 = 130°

The measurement of an exterior angle is equal to the sum of
the two nonadjacent interior angles.
2

mLl=mZL2+mL>

133



Given: AABC with exterior angle £ 4 2
Prove: mZL1+mL2 =mLA4

| 3
A
ARBC with exterior omgle Z4
Giveh
mLl+ mZLZ + m£L3 = 180° mZL3 + m£L4 =180°
Triangle Angle—Sum TAeorern De‘Finif:‘on oflinear Fair
mLl+ mLZL +mZL3 =mL>3 + mL4
Subsfifufion
mZLl+ mLL = mZL4
Subtraction ProPer‘,’y of Eiualify
SEXAMPLE: Find mZ1.
72 (
Becovuse 12° is the same valve
as the sum of m<£1and 27°, 21°(

12° =L+ 27°

12° -21° =mZL1+27° - 27°
45° = L1

mZL1 = 45°
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! Find the valve of x
" in the €igure.
150°

. Since vertical angles ore X |
. congruen’r,

Vi
- mZL1=10°

]

 Since 150° is the saome valve as the sum of mZ.1and x°,
150 =mZL1+ x
1 150 =110 + x

. x=40




& G

1. Find the valve of x in APQAR.

WECK vour SHIOWILEREE

2. Find the value of xin ATUV.
T

(2xY

v = v

3. Find the measvres of Z &, £ B, ond ZC.

136



5. Find mZF in ADEF.
D E
2\

F

6. Find the valve of bin the Figure below.

7. Find the valve of rin the Figore below.

Qr

ANSWERS 1317



CLECK Your QIUSWERS

1. 32 + 60 + x = 180, therefore, x = 88°

2. 2x+ x+90 =180, therefore, x = 30°

3. 4x -1+ (30x+ 24 + (5x + 1) = 180,
therefore, mZA = 15° mZL® = 144° mZLC = 21°

4. 38 + 102 = mZL; therefore, m£1 = 140°

5. 112 = 15 + mZLF; therefore, mZF = 37°

6. 120 = 2b + b, therefore, b = 40°

7. 40 + 40 = r; therefore, r = 80°
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Chapter 1Z

SIDE-SIDE-SIDE AND
SIDE-ANGLE-SIDE
CONGRUENCE

CONGRUENCE

Congruent polygons have the same shape and size. Their
CORRESPONDING ANGLES (angjles in the same relative
position on each figure) and CORRESPONDING SIDES
are congruent.

D
5 E
mt,
A—— \AL
F

If AABC and ADEF are congruent, the corresponding
angles are congruent:

L2 LD B2 LE ZC2LF
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And the corresponding sides are congruent:
AB = DE BC= EF AC2 DF

The congruence statement is AABC 2 ADEF.

IMPORTANT: Make sure the corresponding
congruent angles are listed in the same order.
For example, writing AABC ¢ ADEF means that
Lh2 LD LB LE and LL2 LF.

We can’t write ARBC 2 A€FD because
Z 4 is not congruent to ZE.

EXAMPLE: Determine if AGHI is congruent o AJKL.
If€ itis, write o congruence statement.

Find the missing angle meaosvres.

H K
58° 28
4q° A
64 s\ L4 3

190



Bg the TRIANGLE ANGLE-SUM THEOREM,
mZLG+mZLH + mZLT =180°
mZLG + 58° + 49° = 180°
mZLG =13
Also mZJ + mZK + mZLL =180°
13° + mZLK +« 49° = 180°
mZk = 58°

The +riangles are congruen’r becovse +he9 have conglruemL
angles e

LGz L) Lz L§ LIz ZLL
....ond their corresponding sides are congruent.

GH 2 JK HT = KL GIz JL

PERFECTION
AT ITS FINEST.
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SIDE-SIDE-SIDE (SSS)
CONGRUENCE

SIDE-SIDE-SIDE (555) CONGRUENCE PURTULATE

I€ the three sides of one +riangle ore congruen’r to the three
sides of another +riomgle, then the +riang|es ore congruen’r.

I£ we know the corresponding sides are congruent, then the
angles will also be congruent.

If AB< DE BCe EFond AC2 DF g E
Then AABC 2 ADEF
A E
c D
In this triangle, K
KM bisects JL oand JK £ KL.
Determine whether AJKM is
congruent to ALEM. J L
M

Since KM bisects JL, JM 2 ML.
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Corresponding sides are congruent:

_ X = A
JE2 KL
Mz ML J H " H L
/m < /m n
aline segment is |
cohgruenf to itself
Therefore, AJKM 2 ALKM.
1
|DEXAM|’LE: Write o two-column a
proof o prove the two triangles
ore congruent 2
Given: P2 RS oand ARz SP
Prove: APAR = ARSP S
STATEMENTS REASONS
1. PRL RS @Rz SP 1. Given
2. PRz PR Z. Reflexive Property of
Congruence
3. APOR 2 ARSP 3. Side-Side-Side Congruence
Postulate
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SIDE-ANGLE-SIDE (SAS)
CONGRUENCE

SIDE-ANGLE-SIDE (SAS) CONGRUENCE PUGTULHYTE

I£ two sides and the INCLUDED ANGLE of one triangle
ore congruerﬂ- to two sides and the included omgle of
onother +riom9|e, then the ’rriangles ore congruen’r.

INCLUDED ANGLE

the angle between
two sides of a triangle.

)
o

dhgle
r---—-----—-----—ﬁ
'IcAB=DE LhesD, B E !
!and%"—-’ﬁ-’ !\
] |
lTh<>.n AABC = ADEF |
[ A > |
[ |
L———-——-———————-—-||
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SERXAMPLE: \Which of the following friangles are
congruemL bg Side Angle Side?

H K
; 6 <] s 13
52 o
13 - 13 12
A 68° ‘2 L
D 12 I J&=

goch +riangle has side Ieng’rhs of 12 ond 13. If£ the included
angles ore congruent then the +riomgles ore congruen’r.

First, find the missing inclvded omgle in the second +riangle:
Since the sum of the angles in a triangle add vp to 180°,
MmZLG + mZLH + mLT =180°

59° + 53° + mLT = 180°

H
E Y
mZT = 68° G <Jsar
13 F 68° 13
A 12N\
p& 12 I

AJKL is not cohgruenf to the other two
triangles because the included angle, ZK,
is not congruenf to LI or £LD (hnAK = 64,
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Corresponding sides: DE ¢ HI and DF 2 GI
Included angle: £D = LT
Then by the SAS CONGRUENCE POSTULATE,

ADEF 2 ATHG

EXAMPLE: Prove the two

triangles are congruent s 28
9 9 - R
. r 15
Given: QR =15ond RT =15 p T
PR =28 oand RS =28
Prove: APAR = ASTR
QR =15 RT =15 PR=128 RS =128
Giveh Given Giveh Given
QR = RT PR RS ZBRP = LTRS
Definition of Definition of Definition of
congruence congruence vertical angles
APGRR 2 ASTR

SAS Cohgruence Posfulafe
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We can also solve problems with triangles (and other shapes)

on a coordinate plane.

A triangle is formed by three points on the coordinate plane.
The points are the vertices of the triangle. If a segment on

a coordinate plane is horizontal or vertical, we can count

the squares to find its Ieng’rh in units.

Y

X-COORDINATE \/-cookDINATE

y-AXIS — (3,%)
4 [
T THIS SIDE
IS 3 UNITS
T LONG
-r o o
an G
= 7 S R — /‘ﬁ)x

ORIGIN
(0,0)

v

THIS SIDE -
IS 2UNITS X-AXIS

LONG
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EXAMPLE:

Y
Determine if the two {If
friangles are congruent. B c

T

y4 ! ! L A L L L AN

Corresponding sides: L ™1 ? X

I

D Qe

Since #AB = Z units and |
A€ = 2 units J:

AB 2 AE

Since BC = 3 vunits and DE = 3 units,
DE = BC

Included angle:

mZLDEA = 90° and mZLCBA = 90°, so
L DEA 2 L (CBA

Therefore, by the STDE-ANGLE-SIDE CONGRUENCE
POSTULATE, ADEA = ACBA.
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& CLECCYow CIOWLEREE

1. Given A#BC = ADEF, state the congruent corresponding
sides and angles.

D
B iceamEEs
A C
F

For qpesﬁons 2-6, determine if the given +riangles ore
congruem‘. If so, write o congruence statement and include
the postulate (SSS or SAS) it demonstrates.

2. AJKL and ALMY

MORE QUESTIONS 149



3. AABD oand ADCA

4. APGR and ASTU

Q

30 28

28

30

66°( \ T




5. AABC and ADEF
B

10 15°

REEL ¢

6. APGR and ASTR

Q
30 40

R

30
W a

\7

ANSWERS
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CLECK Your QIUSWERS

1. AB 2 DE, BC 2 €F AC 2 DF LA 2 LD,
B2 LE L2 LF

2. Yes, AJKL 2 ALM), SSS

3. Yes, AABD 2 ADChA, SSS

4. No

5. No

6. Yes, APGR 2 ASTR, SAS
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Chapter 13,

ANGLE-SIDE-ANGLE AND
ANGLE-ANGLE-SIDE
CONGRUENCE

There ore additional ways to determine if +riangles ore
congruen+=

ANGLE-SIDE-ANGLE (ASA)
CONGRUENCE

ANGLE-SIDE-ANGLE (ASA) CONGRUENCE PURTULGYTE

If two angles and the INCLUDED SIDE of one friangle
ore congruen‘r to two angles ond the inclvded side of
onother +riomg|e, then the +riangles are congruent

B F
I¢ LA2 LD, ACE DF
and £C2 LF E
A
Then AABC = ADEF. ke
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INCLUDED SIDE

the side between
two angles of a triangle.

EXAMPLE: \Which of the following triangles are
congruent by angle-side-angle (ASH)?

17

V

G

2 E
7 (OH
ay

g€och +riangle has a side Ieng’rh of 11. Those will be the
incluvded sides.

First £ind the missing adjacent angle measures.

mZLD + mZLE + mZLF =180°

MZLD + 62° + 61° = 180°

mZLD =51°

154

mZLG + mZLH + mZLTI =180°

mZLG + 61° + 51° = 180°

mZLG = 62°



5\° 62° 62°
17 oo
s 7”16

LD LI DELIGond LE2 LG,
therefore ADEF 2 ATGH bg the ANGLE-STDE-ANGLE
CONGRUENCE POSTULATE.

€ven withovt knowing the exoct

Q > R
measvres of the angles ond sides,
we can prove thot these friangles
ore congruent
P » S

We know thot @R || 75 (given).

Use PS and QR as the parallel

lines and QS as the transversal.
Which means Z.SGR ¢ Z QSP Q >- R
(Alternate interior angles ore / /
congrueny). = »- S

ap| =s (given)
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Z PGS 2 Z QSR (Alternate
interior omgles ore congruen’r.)

QS ¢ @S (This is the side that's
shared bg both +riomgles.)

"Paragraph proof:

We are given thot @R || 75
and ﬁn RS. £ SGR 2 LASP
ond £ PAS = L ASR by the
ALTERNATE INTERIOR ANGLES
THEOREM. Also, RS 2 @S by
the REFLEXTIVE PROPERTY OF
CONGRUENCE.

So, bg the ANGLE-SIDE-ANGLE
CONGRUENCE POSTULATE (ASH),
APQRS 2 ARSA.
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ANGLE-ANGLE-SIDE (AAS)
CONGRUENCE

ANGLE-ANGLE-SIDE (AARS) CONGRUENCE THEOREL

If two angles ond a noninclvded side of one +riangle ore
congruent o fwo angles and the corresponding nonincluded
side of another +rian9le, then the Jrriomgles ore congruent

I6 LA LD LB LE 5
and BC= EF ¢

Then AABC = ADEF. Y,

SEXAMPLE: Prove AABRC 2 AFDE.

Zh2LF B E

S4°

82D

BCz DE

So, by the ANGLE-ANGLE-SIDE (AAS) CONGRUENCE
POSTULATE, AABC = AFDE.
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EXAMPLE: Prove the two triangles below are congruent.

Given: L P2 LS @ S
— == P R \’/
QP2 TS -
P
Z QRP 2 Z SRT (Vertical T

angles ore congruent)

By the ANGLE-ANGLE-SIDE CONGRUENCE POSTULATE,
APGR 2 ASTR.

HYPOTENUSE-LEG (HL) THEORELY

This congruence theorem is specifically for right triangles.

If the hypotenuse and a leg of one right triangle are
congruent to the hypotenuse and a leg of another right
friangle, then the friangles are congruent.

If ZAond £D are B 4 E
, )’,oo &)700
@h’r ﬂ\gles,_ o )‘“\/v o 72%
BC< EFand AB= DE & U O %
cC D F

Then AABC 2 ADEF.
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Side Side Side

< =7

oll sides congruerﬂ-

Side Angle Side

o

two sides and included omgle congruen’r

Angle Side Angle

o

two omgles ond inclvded side congruen’r

Angle Angle Side

i

two omgles ond a nonincluded side
congruem-

Hypotenuse Leg

2d 2

hypotenuse and leg of two
right friangles congrvent




DOES SIDE SIDE ANGLE WORK TO CONFIRM THAT
THE TRIANGLES MUST BE CONGRUENT?

These triangles have two
pairs of corresponding sides
congruent fo each other and
o pair of nonincluded angles
that are congruent, but they
are different shapes.

M

SSA is not a way to show congruence.

DOES ANGLE ANGLE ANGLE WORK TO CONFIRM
THAT THE TRIANGLES NUST BE CONGRUENT?

These triongles have three
pairs of corresponding angles

congruen’r to each other, but
they are different shapes.

AdA IS not o way to show

b

congruence.
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& CLECCYow CIOWLEREE

For questions 1-5, stote the congruence postulote or theorem
that wovld be used to prove the triangles are congruent. If
none exists, answer “none."

)
1. 2.
51° ,
- " 51°
1)

6. Find the valve of x that wovuld
moke AGHI 2 AJKT.
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[ CWECLK Your QISHIERS |

1. SAS

2. ASA

3. HL

4. SSS

5. AAS
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PERPENDICULAR BISECTORS

Perpendicular bisectors always cross a line segment ot right
angles (90°%), cutting it into wo equal parts.

PERPENDICULAR BISECTOR THEOREL

If o point is on the perpendicular bisector
of a line segment, then the point is
EQUIDISTANT to the segment's

endpoints. \
P at e?ual distances

If point P is on the perpendicular v
bisector of AC, then #P = PC.

The converse of this theorem is also trve.
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CONVERSE OF PERPENDICULAR BISECTOR THEOREL

If o point is equidistant to the endpoints of o segment, then
it is on the perpendicular bisector of thot segment.

If£ AP ="PC, then point P is on
the perpendicular bisector of AC.

SERXRAMPLE: Find the valve of x
in the €igure.

Since PRis a perpendicular
bisector of @S, P is equidistant
to & and S.

P& ="PS
2x+1=3x-0
x=1
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When three or more lines intersect 2
ot one point, they are CONCURRENT.
. Their point of intersection is called

| the POINT OF CONCURRENCY. P o
n
. Lines Z, m, and n are concurrent.
- P is theiripoint of concurrency,
CIRCUMCENTER :
In a triangle, there are three " _CIRCUMCENTER
perpendicular bisectors that all meet /
/
ot one point, the CTIRCUMCENTER.  * “
tH i
The circumcenter con be ouvtside \[CIRCUMCENTER
or inside the triangle. :\\ < W4
PR
We can drow a circle through the W r\ F

three vertices of any triangle. The | ‘
circumcenter of the Jrriouf\c:)le will

be the center of the circle. THINK CIRCLE

CIRCUMCENTER CIRCUMCENTER CIRCUMCENTER




CIRCUMCENTER THEORELY

The circumcenter of a +riangle is
equidis+an+ to the vertices.

I€ R is the circumcenter of ‘ - :!: k

AGHT, then HR=GR=RT.

EXAMPLE: In AGHI, HR=3x-1GR=x+3.

H
Find the valve of RT.

Since the circumcenter is equidis’ran’r Q)

&,
to the vertices, HR = GR = RT. ’ *

G LI ™ I
Step 1: Find the valve of x.

HR = GR
3x-1=x+3
1x-1=3
2x=10
x=5
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Step Z: Calculate HR (or GR—they are the same length).
HR=3x-1=35)-1=8
Since HR = RT,

RI-=8

INCENTER

Ino +riangle, the angle bisectors
of the three interior angles oll meet
ot one point. This point is at the INCENTER

center of the +riangle ond is called
the INCENTER.

INCENTER TREORELY

The incenter is equidis’ran’r to the sides of the +riomg|e.
R

I£ P is the incenter, U
then PT = PU = PV. D
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SERXAMPLE: If Mis the incenter of AJKL, MN = 3x + 16,
ond MP =x + 12, find MO.

From the incenter theorem,
MN = MP = MO.

Step I Find the valve of x. J P
MN = MP

3+ =0x+12

1o=4x+12

4 =4x

x=1

Step Z: Find the valve of MO.
Substituting the valve of x into MN,
MN =3x+10 =31+ 10 =19

Since MN = MO,

MO =19

MEDIAN AND CENTRQID
# MEDIAN of a triangle is a line
from o vertex to the midpoint of
the opposite side.
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Everg +riomgle has three medions

which meet at a point called the
CENTROID.

CENTROID

CENTROID THEOREL

The centroid is % of the distance
from each vertex to the midpoint
of the opposite side.

I£ G is the centroid of AABC, then

z

L L -
BG =SB AG=TAE CG=—3CD

EXAMPLE: In AARBC above, BG = 8. B
Find the measvres of GF and BF.

From the Centroid Theorem,

- L
BG - 5 BF

L
8- 5 B8F
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B x3-= %BF x 3 Multiply both sides by 3.

24 =7 x BF Divide both sides bg 7.
BF =12

We con now find GF using the SEGMENT ADDITION
POSTULATE:

BF = BG + GF
12=9+GF

GF - 4

I£ you wanted fo balance a triangle

plate on one finger, you would need

to place Your finger on the centroid

to balance it. This point is called the

center of gravity—the point where 1{
the weight is equally balanced.
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ALTITUDE AND ORTHOCENTER

The ALTITUDE of o triangle is the line segment from o
vertex to the opposite side, and perpendicular to that side.
An altitude can be ovtside or inside the +riang|e.

PerPenJICular to
the side aPPosife
the vertex

everg +riangle has three

altitudes. S
A
Y\_l

ALTITUDE >

ALTITUDE

The point where the altitudes of o friangle meet is the
ORTHOCENTER.

The orthocenter can be ovtside or inside the +riomgle.

o
/I\ ORTHOCENTER
/ .\
7 N\ L
ORTHOCENTER |
”
S e

m



172

Triangle bisectors and their points of concurrencies:

TERM POINT OF THEOREM
CONCURRENCY(P)
perpendicvlar circumcenter The circumcenter
bisector of a friangle is
N Z equidistant to the

vertices.
|
N ‘>\P
| \ ]

omgle bisector incenter The incenter is
equidis’ran’r to

the sides of the
/ P triongle.

medion centroid I€ P is the centroid

of AABC, then

L L
BP - TBF AP - A€,

L
CP-5CD




TERM POINT OF THEOREM
CONCURRENCY(P)

 oltitude orthocenter No theorem for
+his one.

A way to help remember the ferm that matches each
point of concurrency;

Vicion e ifude—rhocerer
Perpencicar Bseclor—reomcarer, ngle St Tncarter

Micot afeod poaruhboer easkies and bacame i




& G

1. Find the valve of x. 2. Find the measvre
of MN.

WECK vour (LHIOWLERCE

3. For Jrriouf\glas in illustrations a, b, and ¢ below, state
whether AB is a perpendicular bisector, median, or
oltitvde.

o. A b. C.
%\ WB> < A 7
— A 4
For questions 4-1, determine if point P is the incenter,
circumcenter, centroid, or orthocenter of the +riangle.
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10.

N

p'

In AABC, DG = 2x + 3 and GF = 3x - 1. Find the value
of x. B

A
E
G

A Fi i3

In the +riomg|e below, €I = 135. find the measvres of
€k and kI.

F
< %
H e O
v, %
G
E H J "
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CLECK Your QIUSWERS

1. 10x - 19 = 1x + 17, therefore, x =12

3. o. median; b. perpendicvlar bisector; c. altitude
4. incenter

5. circumcenter

6. orthocenter

1. centroid

8. JI=-11

9. 2x+ 3 =3x-"T; therefore, x=10

10. €K - %(135)-, therefore, €K = 90, KT = 45
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Chapter IS

TRIANGLE
INEQUALITIES

COMPARING SIDES B
AND ANGLES

4
A C
When comparing two sides of a triangle, the angle opposite the
longer side is larger than the angle opposite the shorter side.

If AB > BC, then mZC > mZ A,
When comparing two anglles of a triangle, the side opposite the
larger angle is longer than the side opposite the smaller angje.

If MZLC >mZf, then AB > BC.
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" Then GH> GI > HI

I T
_______________________ ‘
" EXAMPLE: Since 62° > 5(°, then a > b. |
]
|
| 64 5¢° ’
I ]
LELBH_[I.LL List the angles in ]
AJKL from largest to smallest.
: /N>
. Since JE> KL > JL (24 > 21> 15), .
: Then mZL>mZd>mZLEk
K 2\
E |
L ERANPLE:  List the sides in |
AGHT from longest to shortest. H |
33°
|
| |
- Since mLI>mLH>mLG o _yar 2 ]
(126 > 3%° > 20°), ! |
|
|
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TRIANGLE INEQUALITY THEORELY

The sum of the lengths of any two sides in a triangle is
greater than the length of the third side. In other words,
add the length of wo sides. That sum will be greater than
the length of the third side.

B
AB+ BC> AC

BC+ AC> AB

AB + AC> BC

These three sticks will never form a triangle because the
sum of the lengths of the smaller sticks is less than the
length of the longer stick.

4
a2, 0 C
3cm+4cm< 10 cm / &

10cm
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EXAMNPLE: Is it possible to have a triangle with side
lengths of 14, Z1, and 307

Check that any two sides are greater than the third side.
14 +21>30
35> 30
14 + 30 > 21
44>21
21+30> 14

51>14 &

Since this satisfies the Triangle Ineqyali’rg Theorem,
these side |eng+hs form o +riangle.

7
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EXAMNPLE: Becky is building a triangular planter for
her vegetable garden. She has two lengths of wood: 1Z £+
and 5 £t. What is the range of values for the length of
the third side?

Assign the varioble x for the third side. According to
the Triomgle Inequalii-g Theorem, x has to sa+is€g these
conditions:

x+5>172 5+12 > x 12+x>5
x> N> x x> -1
(or x < 11) Since x > -1

has a negaﬁve
number, we con
ignore this.

s 71 5 12

12 - 17

The leng‘rh of the third side must be grea’rer thoan 1 £ ond
less than 17 £t
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& G

For questions 1 and Z, complete the statements. fill in
the blanks.

WECK vour (LHIOWLERCE

1. Since PR > AR, >
Q

10

R

2. Since mZX <mZ2Z, Z
Y

4 Z

3. List the angles in AXYZ from Iarges+ to smallest

15
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4. List the sides in ADEF from shortest to longest.

E
58°

62°

In questions 5-8, state whether it is possible to form a
riongle with the given side lengths.

5. 110,15
6. 71,30,
1. 5519

8. 10, 25, 40

9. A +riangle hos two sides with |eng+hs of b and 11. Find
the range of possible valves for the third side.

10. & +riomgle has two sides with a leng+h of 27 each. Find
the range of possible valves for the third side.
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CLECK Your QIUSWERS

1. mZAa>mZL?P
2. YZ < XY

3. LY, LX L2

7. Yes

9. N< x<123

10. 0 < x< 44

18y




Quadrilaterals 3
and Polygons |
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Chapter 16

PARALLELOGRAMS

QUADRILATERALS
A QUADRILATERAL is o shape with four sides.

QUADRI = §

LATERAL = SIDES

We nome a qyadrﬂa’reml using the four letters of its
vertices.
Q R

P S
This quadrila+eml is called PARS.

186



Common quadri|a+erals=

NAME

’Parallelogram

Rec’rangle

Rhombus

Square

Trapezoid

EXAMPLE

LT

CHARACTERISTICS

Opposite sides are
parallel and equal in
length.

# parallelogrom where
all four sides form
right angles

# parallelogrom where
oll sides are eclual in
leng+h

# parallelogrom where
all sides are equal in
length and all sides
form right angles

Has exactly wo parallel
sides. Sides do NOT
have to be equal in
length.
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PROPERTIES OF
PARALLELOGRAMS

"Parallelograms have the following properties:

congruent opposite sides A B

D C

congruent opposite angles A B

D C
consecutive omgles thot ore
supplementary ﬂ
SUPPLEMENTARY

diagonals bisect each other

A B
a diagonal connects DE

two nonadjacent

vertices
each diagonal divides the A B
parallelogram into two
congruerﬂ- ’rriangles

D C
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EXAMPLE: ABCD is a parallelogram.

Find the length of BD. B c
Step 1: Find the valve of x. E

, , , D
Diagonals bisect each other in A

parallelograms, so AC divides BD
info Two congruen’r segmems.

BEz €D
BE - €D
bx+5=9%-19
5=3x-19

24 =3x

x=8

Step 2: find the valves of BE and €D.

BE = bx + 5 €D - Ax - 19
=6(8) +5 = 9(8) - 1
=48+5 =12 -19
=53 = 53 Since BE = ED, we know

the calculations are correct.

Step 3: find the length of BD.
8D = BE + €D

=53 +53

= 106
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THEOREMS TQO PROVE
A PARALLELOGRAM

We can prove a quadrilateral is a parallelogram by using
any of the following theorems.

If£ both pairs of opposite sides
are congruent, then it is a
parallelogram. D C

AB=2 DCond AD 2 8C

A B
If both pairs of opposite angles
are congruent, then it is a
parallelogram. D Sae 0 acl;\ q
LB2LD

If an angle is supplementary to
both of its consecutive angles,
then it is a parallelogrom.

mZL1+mZ2 =180°
ond mZ1+mZ4 =180°
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Ifa qyadrila’reml has diagonods
that bisect each other, then it is
o parallelogram.

. If o quadrilateral has one pair
- of sides that is both congruent
and parallel, then it is a
parallelogram.

D Cc

A€ < ECand DE= €8

D C

A8 2 DCond A8 |l DC

11



EXAMPLE:  Find the valves of

x ond Yy that wovld moke ABCD B
a parallelogrom. (lox)

For ABCD to be
a parallelogrom (3x-15y (y+e)
A D

1. £#ond £8 must
be supplementary.

mZLA + mLB =180°
(3x - 15) + (10x) = 180
13x - 15 =180

13x =195

x=15°

2. £ & ond £D must be supplementary,

mZLA + mLD =180°
(3x - 15) + (Y + 6) = 180
3(15)-15+y+(o =180
36 + y = 180

y=14
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ERANEPLE. Prove that EFGH is a parallelogroam.

Since M€ + mLb = 180 then 8 F
by the Converse of Some-Side H°
Interior Angles Theorem,
—Il —= 139°
&F || #G. Since €F - HG - 8, ) 2 G
EF 2 HG.
If two lines are cut by

€FGH has one pair of a transversal and the same

. . side interior angles are
sides thot is both SuPP'emeh‘f'ary, then the
congruent and parallel, lines are parallel.

so it is a parallelogrom.
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1. Complete the sentence.
If a quadrilateral is a parallelogram, then its
and

WECK vour (LHIOWLERCE

opposite sides are

2. Complete the sentence.
If o quadrilateral is o parallelogram, then its

consecutive angles ore

A
B
3. ABCD is a parallelogrom. N
Find the valve of x. /TN
C D
B
4. Find the missing omgle measures
in parallelogram ABCD. =
D
5. Find the valves of x, A B
mZ A, ond mZCin (x+31)
the parallelogrom.
(1x+1)° C
D

19%



6. Find the valves of x, mZA, ond mZD.

A B
>
//m“"’ /
(3x-15)°
D > (&8

For questions 1-9, state whether there is enovgh information
given to determine if the quadrilateral is a parallelogrom.

i3t
1.5 ) > q.ﬂ
(i

10. Find the valves of x and yso thot ABCD is a
porallelogram.
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CLECK Your QIUSWERS

1. Congruent, parallel

2. Supplementary

3. Ix -1 =4x+3; therefore, x = %
4. mZLA =145, mLC = 145, mLD = 31
5. x +31="x+1; therefore, x = 5, mZA = 36, nLC = 36

6. 3x-15+10x =180,
therefore, x = 15, mZA = 150, mZD = 30

7. No
8. Yes
9. Yes

10. Zy +3 =71, therefore, Y= 2, x=5
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Chapter 17

Rhombuses, rec+angles, ond squares are quadrilod-erals thot
are also parallelogroms.

RHOMBUSES

# RHOMBUS is o parallelogrom with four congruent sides.

Rhombuses have all the properties :
that a parallelogrom has, plus a
couple more.
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Rhombuses have diagonals
that are perpendicular.

Each diagonal in a rhombus
bisects a pair of opposite
angles.

B

D

AC is perpendicular to 8D
Write this os: AC.L 8D

D
AC bisects Z & and Z.C.
8D bisects Z 8 and Z.D.

EXAMPLE: Find mZUVW in rhombus TUVW.

Z VT is 30"

TV bisects ZUV\W.

Therefore, mZ TV\W is also 30°.

mZUWW = mZUVT + mZTVW

= 30° + 30° = 60°
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SEXAMPLE: Rhombus DEFG has
mZEDG = 104°. find the valve of x.

Since diagonals are perpendicular
in a rhombus,

mZLDHE = 90°

Since each diagonal bisects a pair of opposite angles in
a rhombus,

DF bisects ZEDG
M EDF = %mAEDG
-Lo4)
7

= 57°

Since the angle measvres in S
0 +riangle odd to 180°, '
@,
X+ 52 +90 = 180 ,A

X+ 142 =180

X = 3¢°
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THEOREMS TO PROVE
A RHOMBUS

Use these theorems to determine if a paralielogrom is
a rhombus.

If o parallelogram has
perpendicular diagonals, ¢
then it is a rhombus.

D
ACL 8D

B
If o parallelogrom has one
diagonal that bisects a pair of A c
opposite angles, then it is
a rhombus. D

AC bisects Z & and Z.C
B

If o parallelogram has one pair
of consecutive congruent sides, A c
then it is a rhombus.

|
o5}
"
Sl
A/
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EXAMPLE: Determine if GHIJ is a rhombus.

H I
GHIJ is o parallelogram, since S -
| N
its opposite sides are parallel. o‘ 65" N
— 50°
If diagonal A bisects ZGHT 6 ¥
ond £ GJT, then it is o rhombus.

Step 1: Prove thot GHIJ is a parallelogrom.

Since G# || IT and 4T || 59, both pairs of opposite
sides are parallel, making GHIJ o parallelogrom.

Step Z: Prove that GHIJ is a rhombus.

Since the angle measures in o +riomgle odd to 180°,
ond GJH is a +riangle:

MZL GIH + 50° + 65° = 180°
ML GIH = 65°

Therefore, HJ bisects Z GJII.
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Since the total angle measvures in a ’rriang|e eqyal 180°,
ond JHI is a +riomgle=

ML IHT « 50° + 65° = 180°
ML IHT = 65°

Therefore, HJ bisects Z GHI.

Since a diagonal of GHIJ bisects o pair of
opposite angles, it is a rhombus.

RECTANGLES - )
# RECTANGLE is o parallelogrom -
with four right angles. i "

If a parallelogram is A
a rectangle, then its
diagonals are congruent.

ACz 8D
The converse of this is also trve:

If o parallelogrom has congruent diagonals, then it is
a rectangle.
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*EXAMPLE: Two wooden

braces on a rectangular fence L } "
have lengths of LN = (5x + 2) £+
ond KM = (20x - 18) £t. Find the
opproximate lengths of the K : N

braces.
“ close, but not exact

Since the fence is in the shape of a rectangle, the diagonals
are congruent.

LN = kM
bx+2 =20x-19
20 = 15x
_ 20
X35
(20+5) o
(15+5) Reduce by dividing numerator and
denominator bg 5.
_ 4
=3
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The |eng+hs of the diagonals ore:

LN =5x+2 KM = 20x - 18
S5y, 203 -
5(3)+2 20(5) - 18
. Lo _ _ 26
- S~ 8] 5~ 811

The |en9+hs of the wooden broces are
approximotely 81 £+,

SQUARES

# SQUARE is o parallelogram with four right angles and
four congruent sides.

A square is both a rectangle and a rhombus.

7 | ! AL

+ 1+ 1 =1 1
] ] ' ] ' ]
RECTANGLE RHOMBUS SAQUARE
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SERXAMPLE: Find the valves
of x and yin square ABCD.

Since squares have four
congruen‘r sides,

8C = CD
3x-2=13
3x=15

x=5

3x-2

(y+10)°
- Y

Since squares also have four righ’r angles,

mZf = 90°
y+10 =90

y=80

13
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206

@ CHECKYou (IOWLEDCE

For questions 1-5, state whether the parallelograms are
rectangles, rhombuses, and/or squares.

1&,@ ]

9. 3.

6. Determine if ABCD is a rhombus.




8. Find the valve of x in rhombus ABCD.

A D

9. LN=24x-30ond KM =11x -2 in rec+angle KLMN.
Find the valuves of x, LN, ond kM.

L M

K N

10. Find the valves of x and Yy in square TUVW.

V) \
m|
3Ix°
\4
T 2y+| ai
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CLECK Your QIUSWERS

1. rhombus

2. rhombus and rectangle

3. rhombus, rectangle, and square
4. rhombus

5. rectongle

6. Yes. It is a parallelogram and has one diagonal that
bisects a pair of opposite angles.

9. 24x - 30 = 1x - Z; therefore, x = 4, LN = ©bb, KM = ©bb

10. 3x = 90, therefore, x = 30

Zy + 1 =14, therefore, Y= %
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Chapter &

TRAPEZOIDS
AND KITES

Trapezoids and kites are quadrilaterals that are not
parallelogroms.

TRAPEZOIDS
# TRAPEZOID is o quadrilateral with exactly one pair of
parallel sides.

BASE

The parallel sides are
called bases, and the
nonparallel sides are
colled legs. BASE

The angles adjocent to a base are called base angles.
Z1and £2 are base angles to the top base and
£3 ond £4 are base angles to the bottom base.
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The MIDSEGMENT of o / 4 \
frapezoid is a line segment thot
bisects both Iegs.

MIDSEGMENT
>

The midsegment of a trapezoid is parallel to the bases. Its length
is found by averaging the lengths of the two bases (adding up
the lengths of the two bases and dividing by two).

b

)
Leng+h of midsegmen‘r bty / \

¢ / MIDSECEMENT \

b,

HIS-
OR, LIKE THIS: % (b1 N bz)
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ERXANPLE: The beams of a bridge are constructed
in the shape of a trapezoid. The base measvres 230 £t
and the center beom is 150 £t long. What is the length
of the top beam?

Top beam = b,
Bottom beam = b,

b, = 230 £+

The midsegment = 150 £+

Leng+h of midsegmen‘r _bitb,

Z
150 - 21230

150 x 2 = 2230 5 2" Multiply both sides by 2.
300 = by + 230

b= 10

The top beam is 0 £+ long.

21



ISOSCELES

TRAPEZQOIDS

An ISOSCELES TRAPEZOID

has congruent legs. >

If a trapezoid is isosceles, then it has
two pairs of congruent base angles.

e O
I AB2 CD then LB 2 ZC N N
ond LA LD,
AL >
SEXANPLE: Find mZ.G, mZR, R

ond mZS. Q
Since @R || PS, Z@ ond £P
are supplementary (Same-Side )
Interior Angles Theorem). P
MmZ.Q + mZ. P =180° When two lines that are ParaHel

R R are intersected by a transversal,
mZLQA + 14° = 180 the same-side interior angles are
mZL A = 106° supplementary.
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Since base angles are congruent in isosceles trapezoids,

mZLR =mZLA =106
MmLS =mZLP=14

A trapezoid is isosceles if and only if
its diagonals are congruent.

@éﬁ)i(andonlgi(%éﬁ) 7 X\
A | 4 D

[EXANPLE: Determine if
trapezoid WXYZ is isosceles.

X2=35+17=10

WY=3+7=10

Since X2 =10 ond WY =10, XZ = WY.

Since the diagonals ore congruen’r.
the trapezoid is isosceles.
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KITES

# KITE is a quadriloteral
with two pairs of adjacent
congruent sides.

N
If a quadrilateral is a kite, If a quadrilateral is a kite,
then its diagonals are then at least one pair of
perpendicular. opposite angles are congruent.
| ERANPLE: Given kite ABCD, B
where A8 ¢ BCand AD 2 (D,
prove LAz ZLC. A c

Tt is gjiven thot 48 ¢ BC and
AD 2 CD. Also BD = BD. By SSS,

D
AABD = ACBD. Since congruent
friangles have corresponding s’.;e_s'. de-side
congruent angles, £ A 2 ZC. triangle theorem
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TYPES OF QUADRILATERALS

QUADRILATERALS
‘Polggons with 4 sides

Opposite sides are ||
Opposite sides are
Opposite angles are =

Consecutive angles are supplementary
Diagonals bisect each other
Diagonals form two = +riomgles

SQUARES
4 < sides # rhombus and 4 right angles
Diagonals are L a rec+angle Diagonals ore 2

Diagonals .

N L] L]
bisect opposite !
ongles L - L
Q TRAPEZOIDS
1pair of || sides
porsosagnt s SOSCELES
1 pair of opposite angles are = L -
Diagonals are L €Qs are = ﬂ

Base angles ore &
Diagonals are =
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& G

1. Name the bases, legs, base omgles, ond midsegmeni— in
quadrila‘reral PARS.

WECK vour SHIOWILEREE

P.T a
a

R
v
S

2. find the valve 0§ b, ©

3. Find the valve of x. 2x+3
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. Find mZ P ond mZLR.

P Q
10 130° 10
50°
S > R
. Find the missing omgle measvres in isosceles
trapezoid GHIJ. all {
nr
G
J

. The diagonals of an isosceles trapezoid have lengths
Ix + 23 and 15x + 19. find the valve of x.

. Find the valve of Y.

—

e

ANSWERS
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CLECK Your QIUSWERS

1. Bases: PS and QR legs: PR ond SR,
base angjles: ZPond LS, £ZA& ond £R,
midsegmen’rz TU

2. b;:-' = 5. therefore, b=3
3. L{’“Z = 11, therefore, x = %

4 mZLP =130° mZLR = 50°
5 mZLG =1N1° mZLI = 63° mZLJ = 63°
6. Ix+ 23 =15x+19; therefore, x = %

1. 135 = 5y; therefore, y = 21
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Chapter 19

ANGLE MEASURES
IN POLYGONS

# POLYGON is o closed plane figure with ot least three
s+raigh+ sides. ‘Polggons ore nomed bg the number of sides
+heg have.

# OF SIDES  NAME # OF SIDES  NAME

A 5 Triangle O 1 Heptagon

U 4  Quadrilateral O 8 Octagon

Q 5 ‘Peni-agon O 9 Nonagon

<:> b Hexagon O 10 Decagon
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INTERIOR ANGLE MEASURES

The interior angles of a polygon are
found inside the boundaries of the shape.

The interior omgles of a +riomg|e odd
up to 180°.

_|°|0 y5°

This works for all triangles. q0 + 45 + 45 = 180

We con vse this information 1o €find the sum of the angle
measures in other polygons.

A quadrilateral can be made from two triangles.
The interior angles of each triangle is:

ML+ mLL + mL3 =180°

mZL4 + mL5 + mLb = 180°

The sum of all the inferior angles is:

180° + 180° = 360° or Z x 180° = 360°

The inferior angles of a quadrilateral add vp to 360°.
This is true for all quadrilaterals.
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Rule: Each fime yov add a side to a polygon add another
180° to the total of the interior angle.

The same process can be vsed for any number of sides.

# OF # OF SUM OF THE MEASURES
SIDES  TRIANGLES OF INTERIOR ANGLES

3 1 1x 180°
4 YA 2 x 180°
5 3 3 x 180°
n n-12 (n-1) x 180°

Subfracf 2 ‘From 'Hse humber
of sides and the difference
tells how many friangles make
'-‘P fl’e Polygoh.

Sum of Interior Angles = (n - 2) x 180°

This means “the number of triangles that
make up the polygon times 180°.”

/
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SEXAMPLE:  Find the sum of the measures of the
interior omgles of o decagon.

A DECAGON has 10 sides.
The sum of the measvres of the interior angles is:

(n -12)180° = (10 - 2)180° = (BN80° = 1440°

EXAMPLE: Find mZK in M
the pentagon. (1x-3)°
L J 5N
nz 125°
First €find the sum of the angle

measvres of a pentagon: :
(5%47) ]

K o
(n-120180° = (5 - 2)180° = (3)180 = 540°

Since the angles' measvres in the pentagon add vp to 540

mLk + mZLL + mLM+ mLN + mLO = 540°
Gx+N+N2+(x-3)+125 +« 119 =540

12x + 360 = 540

12x =180

x=15

Therefore, mZk = (5x + 1)° = (5(15) + 1)° = 82°
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EXTERIOR ANGLE MEASURE

The exterior angle is the angle between the side of
o polygon and a line extended from the next side.

POLYGON EXTERIOR ANGLE-SUN THEOREL

The sum of the exterior angles always stays the same,
no motter how many sides the polygon has.

/? /

mZLlemZL2 + mL3 = 360° mL4+mL5 +mLob +
mZL1+ mZL8 = 360°

The exterior angles of a polygon add vp to 360"

Note: Use on|9 one exterior omgle ot each vertex.
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The two exterior angles ot each vertex have the some measvre.

Z.7 ond Z3 ore both exterior

les for Z.1.
angles for /\2

vertical ahgles 3

L1 L3 ~_

SERXAMPLE: Find the valve of x.
(1ox+4)°

Since exterior omgle

measures add to 360°,
(3x—4)° 59°

35+ (10x + 4) + 59 + (3x - 14) = 360
15x + 84 = 360

15x = 216

x=1212° T

A REGULAR POLYGON has all congrueni- omgles ond
all congruem- sides. To find the measvre of each interior
angle in a regular polygon, divide the total angle measure

bg the number of sides.
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EXAMPLE: Find the measvure
of each interior omgle in

a regular heptagon.

A heptagon has 1 sides,

the interior angle measures

odd to:

FIND THE TOTAL
ANGLE MEASURE
AND DIVIDE BY 71

(n - 20180° = (7 - 2)180° = (5%180° = 900°

A regular heptagon has 1 congruent angles, each angle

has o measvre of:

900°
1

=~ 128.6°
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& G

1. Find the sum of the meaoasures of the interior angles of
o 13-sided polygon.

WECK vour (LHIOWLERCE

2. Find the sum of the measures
of the interior angles of the
following polygon.

3. Find the valve of x. 7
123° (lox+7)

4. Find the valve of x in the kite. O
W
1k
207
\/
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5. \Whot is the measvre of the sum of the exterior omg|es
in a pentagon?

6. \Whot is the measure of the sum of the exterior ang|es
in the quadrila’reral?

7. Find the valve of x.

8. Find the measure of each interior omgle in o regular
pentagon.

ANSWERS 2217



CLECK Your QIUSWERS

1. (13 - 20180 = 1980°

2. (1-20180 = 900°

3. 81+123+10x+ 1+108 + 13x + 25 + 163 = (b - 2)180,
therefore, x = 9

4. 34+ x+ 20 + x=(4 - 2180, therefore, x = 153°
5. 360°
6. 360°

7. 4x+5+131+19+ 2x-10 + 4x - 1 = 360, therefore, x = 21°

(5-2)180

5 . therefore, each angle measvres 108°
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Chapter 2(0)
REFLECTIONS

RIGID MOTIONS

Figures on a coordinate plane can be moved in any direction,
which resvlts in new figures and new positions. The action of
moving a figure is colled o TRANSFORMATION.

In a transformation, the original #igure is called the
PREIMAGE, ond the new figure is colled the IMAGE.

If the shope and the size of o figure remain the some in o
transformation, the movement is called o RIGID MOTION
or CONGRUENCE TRANSFORMATION.

There are three types of rigid motions:
REFLECTIONS

TRANSLATIONS

ROTATIONS
230



REFLECTION

# REFLECTION is o type o~
of transformation that £lips

an image over a line, so thot

the image appears backward,

like in a mirror. PREWANE—— P

IMAGE

# reflection is a rigid motion: The shope and size of the

image do not change.

REFLECTION

a movement that maps (moves) all points of a
shape so that each point on the image moves to
the opposite side of the reflecting line and is the

same distance from its point in the preimage.

/\L
AHKBC is the preimage. . z
ANBC s the image. =
&
The mark (*) is called B %‘
PRIME. C g
A\ 4
Preim%e

AI

Cl

fmdge

The prime mark (*) represents the new mapping point of

the preimage.

A#BC is read: “triangle # prime, B prime, C prime.”
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Line Zis the LINE OF REFLECTION. We say AABC is reflected
across line Z.

If we were to fold our paper along the line of reflection,
the two triangles wovld match vp perfectly.

The reflection MAPS each point on AABC to a corresponding
point on AABC..

. matches

# mops to A 8 moaps to ®’ C maps to C

Reflections have OPPOSITE ORIENTATIONS (reverse
arrangement of points). For example, if # to B to C are
arranged in a clockwise order in the preimage, then A’ o &
to C' are arranged in a counterclockwise (opposite) order

in the image.

OPPOSITE ORIENTATION

preimage image

SIS
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REFLECTIONS ON THE
COORDINATE PLANE

Reflections can be shown on the coordinate plane.

In an ordered pair, x, y names the coordinates of a point in
the coordinate system.

The x position names the location along the x-axis (horizontal),
and the y position gives the location along the y-axis (vertical).

For example, to plot (3, 4):

1. Start at the origin, location (0, 0).

2. Move 3 units horizontally (to the right). This is the x-coordinate.
3. Move 4 units vertically (up). This is the y-coordinate.

*If the x-coordinate is negative, move left, and if the
y-coordinate is negative, move down.

The red line is the line of Y
reflection. This line of reflection n» AN
is written as x = 1.
F’. 2 'P
x = 1means that all points on !
y4 8§

this line of reflection have an N 2 a3 7 x
x-coordinate of 1. A Y

v

For example (1, -1), (1, 0), (1, 2)
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Point P, written as P(3, 2), is Z units to the righ’r of the line
of reflection. Point P, written as P’(-1, 2), is Z units to the
left of the line of reflection.

P(3, 2) maps to P'(-1, 2). This is written as:

before reflection
PG.2) o P'(-12) The arrow is read as "mops to":
P(3, 2) mops to P'(-1, 2).

after reflection

The line of reflection is the PERPENDICULAR BISECTOR of
the line segment that connects the corresponding points
of the imoge and preimage.

PP’ connects the points of
the imdge and preimage.

The line x = 1 (the line of
reflection) is the perpendicular

_ A
bisector of PP'. 3
\
P. 2 :r : .P
|
y4 .
ﬁ_\ 2 3 V 4 x
-
N
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In this image lines RR’, SS’, and TT' connect the
- corresponding points of the image and preimoge.

| ARST o AR'S'T’, the line

. 0f reflection, line £ is the

| PERPENDICULAR BISECTOR
| 0f RR',SS',ond TT".

EXAMPLE: Reflect the
quadrilo&eml on the coordinate
plane across line y = 3.

REFLECT EACH VERTEX
POINT, AND THEN
CONNECT THE VERTICES.

Y
N
B
Y= [ )
R IR g -
2
\ Ad
¢ T o2 Ty P A
-
2 [ ]
D
N
The line Yy=3 is a horizontal

line. All points on the line
have a y-coordinate of 3.
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Since the line of reflection is the perpendicular bisector of
A#. it will be an equal distance from # and A’

Count the number of units from A to the line of reflection,
and place point A’ the same number of vnits on the opposite
side of the line.

e fis ot point (Z, 1), Z units below the line of reflection.
A’ will be at point (Z, 5), Z vnits above the line of reflection.
AZ, 1) - #A(Z,5).

e B is at point (4, 4), 1 unit above the line of reflection.
B’ will be 1 unit below the line of reflection.
B4, 4) - B4, 2).

Each point maps to the opposite
side of the line of reflection.

e Point C(5, 3), is on the line ’7\ L
of reflection. Since there 8 °
is no distance, C' will be Z
at the same point. s| Ae 3
C(5, 3) o C'(5, 3). * A C
- e o o P == ==
¥=3 , o |©
%
| IX |
< | | 2 vis ¢ ) x
-
2 [ ]
D
A4
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e Point D@4, -2) is 5 units below the line of reflection. D’ will
be 5 units above the line of reflection.
D@4, -7) « D4, 8).

Connect the vertices.
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There are three common lines of reflection: the x-axis,
y—axis, ond line Yy=x €ach has a rvle that can be vsed to

plot points in an imagge.

LINE OF
REFLECTION

X-0XiS

y-axis

X

«
"

the same as

y=1x+0

238

(X, Y = (x -y)
Multiply the
y—coordina’re bg -1.

EXANPLE

S
4

P EH))

X Y =x Y
Multiply the
x-coordinate by -1.

(x, Y < (y, X)
Reverse the order
of the coordinotes.

o

— i
D X—0XIS

2 3 % “x

*A(3,-1)




_ EXAMPLE: Reflect AB across the x-oxis.

Rule: (x, y) = (x, -y)
A0 D = A0 D
B4, 3) = B4, -3)

1. Plot the image points.

2. Drow a line to connect
the points.

NY

/

Y

3 ]
2

|

N

- N W F g
®

N

FoaoN L
/
® £

> x-oxis
I 2 3 X

. EXAAMPLE: Reflect AB across the line y = x.

Rule: (x, Y) = (9, X)
AO0LD - &0,
B(4, 3) < B'(3, 4)

. 1. Plot the image points.

/
§
3
2
|

: 2. Drow a line to connect the points.
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1. Whotis a geome‘rric transformotion?

WECK vour SHIOWILEREE

2. What is a reflection?

3. Complete the sentence.
In a reflection, o point P and its image P’ are the same
distance to the

For cluesﬁons 4 ond 5, draw the image of ‘P_a, where
P(-1, -2) and Q(-2, 0) are reflected across the following lines.

§. x=1 AN 1%z

2 |

|

o

Q

2 | N
‘-3-x‘ o2 3 v ‘%

. |

[

p ] !

=3 |

N
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nNY
2
\
ya > . \
¥y= |\ 3&{ G
-2
P
3
\ %
ANSWERS
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CLECK Your QIUSWERS

1. A geometric transformation changes the shape,
Size, or position of a figure (preimage) fo creote
a new figure (the image).

2. A reflection is o type of rigid motion thot flips
on image over a line.

3. Line of reflection

g, N ix=)
2 |
|
! | (y
L Q | Q' io)
‘-3-z-|l\lz3wx
- |
-2 I
| [
P_3 | P'(3,-2)
v !
3.
nY
2
1,00
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Chapter Al
TRANSLATIONS

of rigid motion that slides

o figure a certain distance

o the left or right, up or down,
or both horizontally and
vertically.

& TRANSLATION is o type
Y ' 2 '

€ach point in the figure
slides the same distance
in the same direction.

ond orientation remain
the same.

—5
The figure's shape, size, l
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TRANSLATIONS
ON A COORDINATE
PLANE

# translation on the
coordinate plane moves

moves 2 units

along the y-axis
all the points in the image
the same distance and

in the some direction. In

moves 4 units
alang 'Hﬁe x-dxis

AABC, each point moves
4 units right (x-oxis)
and Z vnits vp (y-axis).

Translations can be
defined (described) using
o TRANSLATION VECTOR,
which states how many
units each point in the
graph moves in the
translation.

The translotion vector
is (4, 2).

« 2 units in the
L] )/—direc'h'on
4 units in the

x-direction
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If a translation vector moves a point 2 units
along the x-axis and b units along the y-axis,
then the translation vector is (2, b).

The translation rule is:

x5,y = (x+ay+bh),
where (2, b) is the translation vector.

For example: A translation vector of (-1, 3) has a translation
rule of (x, y) = (x -1, y + 3). This moves each point 1 vnit to
the left and 3 units vp.

With that translation vector, the point (5, -Z) maps to:

(5,-2) =« (5 -1,-2 + 3) which is (4, 1) 5-1=4

-2+3=1]
The point (-4, 1) mops to:
(-4, 1) = (-4 - 1,7+ 3) or (-5, 10) -4-1=-5
1+3=10
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EXAMPLE: \Whot are the translotion vector and
translation rvle thot describe the tronslotion of P « P'?

P moves 3 units right and ™ ‘
. 3.0P
Z units vp to P": v
/ 2 :ZUNITS
—_—— -
The translation vector is (3,2). P 3 unTs J
NI I
The translation rule is: J
(X Y > (x+3y=+2).
™
3
SEXAMPLE: \Whot are 2 W@
the translation vector and i L LF Wy
translation rule thot describe NEFS RN AEEE N
the translation of quadriloteral Y |:;i' \
FGHI o F'G'H'I"? AN
5
[ -b
Each point moves 4 units right . A
and 3 units vp. TY
3
2 G'
The translation vector is (4, 3). ‘//: =
‘73/6%( JW\2 3y x
The translation rule is F 2y
(X Y (x+4 y+3) |j/1
/ i
I \L A
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EXAMPLE: Groph the
translation of ALMN, given a
translotion vector of (-2, 5).

Move each vertex Z vnits to
the left and 5 units vp.

Rule: (x, y) = (x-Z, y+5)

Plot the points.
(-1 -2 ,(-3+5)
L(-1,-3) & L'(-3, 2)
(1-2) (1+5)
M@, 1) = M'(-1, 6)
3 - 2)} [(1 + 5)
NG, 1) = N'(, 6)

Connect the points.

HELP ME! I'M IN MATH CLASS AND

HAVE TO TRANSLATE A TRIANGLE.

THATS EASY, TRIANGULO,

NOI T MEAN THE GEOMETRICAL

TRANSLATION.

GEOMETRICO,

FORGET IT.
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& G

1. After +rans|a+ing any {-‘igure, whot always remains the
same obovt the ﬁgure?

WECK vour SHIOWILEREE

2. What is the translation vector thot translotes D to D’?

nY

For questions 3-6, state whether the following groph shows
a translation or not.

3 nNY q nNY
3 W 3
2
N / P',\
| |
—gn M 3 ) & |
N3 [ 2 3 % 3 o2 - V2 3 %
| -}
N F\
v z ey
-3 -3
N\ 4 4
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N

va «

T
o 0 F W N_—

7. What is the translation vector in q_ues+ion 67

8. What is the translotion rule thot describes the

translotion in ques’rion 67

9. Groph the translation of
AEFG, given o translation
vector of (-3, 1).

10. Groph the translation of
the quadrilateral below,
given o translation
vector of (Z, 0).
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CLECK Your QIUSWERS

1. The figure's shape, size, and orientation

R

. [-2,-4)

3. Yes, (-5, -3)
4. Yes, (-4, 3)

5. Yes, (3 -1)

6. Yes

1. (0,-2)

8. XY= (x+1y-2)
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Chapter 22

ROTATIONS ore transformations

that turn a figure around a fixed :}-‘"é

point. Rotations are rigid motions. i< MGESE, /1N

The shape, size, and measures of :"‘3/

angles of the figure stay the same, ‘i:

but the orientation changes. CENTER OF
ROTATION

& rotation includes o:

CENTER OF ROTATION —the point around which a
€igure is turned. The center of rotoation con be locoted
ovtside the €igure or angwhere inside or along the Qigure.

ANGLE OF ROTATION —the number of degrees each

point on the figure is furned. Rotation can be clockwise
or counterclockwise.

clockwise = turns right
counterclockwise = turns left

T
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Any point and its image are the same distance from
the center of rotation.

"EXAMPLE: Point T is rotated x° counterclockwise

abovt point R.
TI
The center of rotation is R. Y
The angle of rotation is x°. P -
e
4
T and T'are the same distance R &« 'f x°
~N
from the center of rotation, R. S -
= R
T

This is written as: RT = RT".
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DRAWING ROTATIONS

You can vse o protractor and a rvler o drow a rotation
about a point.

*K
To rotate point k 10° counterclockwise
about point P: ;
Step 1: Drow a line from P to k. / K
P
. Step Z: Use a protractor to drow \\
| 0.170° anglle counterclockwise, W N
| left, from PK X
70° )
P
— K'
Step 3: Measvre the length of PK K
Drow a new point labeled kK’ the same 70°

distance from P on the new line.
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Rotating a Square B c
To rotote a square 90° clockwise
obovt the center of rototion, P,
each point on the square must

. A D
rotate A0° clockwise. T’
Distance of A to P is the
same as distance of A'to P.
Since AP = A'P, think of the line
AP rotating 90° clockwise. B c Ao
!
]
Use a protractor to drow a /
/
90° anale. Q0
P

Plot a point at the location.

Repeat the same for
vertices 8, C, and D.
Then connect the points.
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EXAMPLE: Drow the image of (ze!
AABC rotated 110° counterclockwise

abovt point Q.. B
A
Rotate each vertex, one at a time,
using a protractor and ruler.
Cc
To rotate Point A:
1. Drow a line from point G to point 4.
2. Use a protractor to draw a 110° angle. —
Q _-="
3. Measure the length of QA 'rjno.
] B
4. Drow a point #'the some A
distance on the new line. b
/
c 7
Rotate points B and C in )
the some way. Connect - 4'”-__ - o
points #: 8} and C! [N
N
I’ ~ B
A
c
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FINDING THE ANGLE
OF ROTATION

You can find an angle of rotation with a protractor and
ruler. & figure is rotated counterclockwise abouvt a point
located ot (-1, 0). Point (Z, 2) is rotated to (-3, 3).

To €ind the angle of rotation:

1. Drow o line from the center of rototion Jrhrough eoch
point (Z, 2) and (-3, 3).

4
5
4|
(-3'3) | \;5_ (1:1)
e-3 2 .-| -l\ 2 3 4 5)9(
A 4
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2. Use a protractor to measure the anglle.

NY
[

\ =
\‘l\_l_—i 4

e—\¥-;[£—9

< 2N\ - 2

The angle of rotation is 90°.

ROTATIONS ON

3/t 5 %

THE COORDINATE PLANE

Three common rotation angles vsed
on a coordinate plane are 90° 180°,
and 2710°. There are rules thot we
can vse for these rotations about
the origin.

The origin is the
point (0, 0). 1t’s
where the x-axis
and y-axis meet.
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RULE counterclockwise
ROTATION obovt the origin

q0° (x, Y) = -y, x) Ny
Multiply th 3
|P3_ ¢ 2 oP'(3,2)
Y-coordinate N
b‘:’ -1, and yi L 30 \
Y32 4 KU 2 3 7
reverse the e
order of the = \\‘
coordinates. ,-3 P(2,-3)
N
. nY
180° (X § » X -9 P23 ]
Multiply AN P
\
the x- and ] \\e\llso" {
Y-coordinates Y32 4 N2 3 %
.‘\
by -1. 2
3 p(2,-3)
A\
. Ny
210 (x. Y = (Y -x) 3
Multiply the 2
x-coordinate p \‘z,o.
bg-],and Y3 o2 A7 2 3 %
pad -\
reverse the o’ 2\
P(=3-2) [ °
order of the 3 %p(y,-3)
coordinotes. v
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EXAMPLE: Rotote the

triangle 180° about the origin. Y
3

First rotate each point 180° ¢ F

abovt the origjn: — /

Rule: (x, Y) = (-x, -y) K

D(-b, 49 = D'(b, -4 \
6(1, 7) = E'(-‘l, -Z) MuH‘:PIY the x and y

F3,-D - PG

coordinates by -1.

Next plot the new points.

Then connect all the

points.

When the rotation is 180°, it doesn’t matter if
the direction is clockwise or counterclockwise,
because the image will end up in the same place.

f
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FINDING THE CENTER
OF ROTATION

Steps for finding the center of rotation:

B
C B'
A‘<
C\
A

" 1. Drow a line to connect & and A’

| B

| A ,\KA'

- 2. Construct a perpendicular bisector through AR

260



' 3. Repeat steps 1and 2 on points B and B!

. The intersection of the two perpendicular bisectors is
. the center of rotation.

(/CENTER OF ROTATION

If we drow the perpendicular bisector of CC’, it will also
pass through the point of rotation.
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& G

1. Trve or False: In a rotation, the shape, size, and
orientation of a figure remain the some.

WECK vour (LHIOWLERCE

2. Rotote the +riomgle 90° counterclockwise about the
center of rotation, R.
n *R

)

3. Use a protractor to drow the rotation of AGHI 60°
counterclockwise about point R.

)

R® I

4. Drow the center of rototion thot rototes AABC to AA'R'C!
AI

C B
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Use the graphed line below to answer questions 5 and b:

nNY

5. RS is rotated 180° counterclockwise about the origin.
What are the coordinates of R’ and S'7

6. Drow the rotation 0§ RS 2710° counterclockwise about
the origin.

ANSWERS 263



CLECK Your QIUSWERS

1. False. The size and shape remain the same, but the
orientation is rotated.

I H'
2. 3
H G
|
H' G GI
I
G R® I
AI
q. 5. R'(-1,3), S (-2, -2)
B7(‘,
B|
.
A
Cl
é nY
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Chapter 2
fPOSITIONS

SH)

=,

Y,
7 //;
4

7,

S, 7,

COMPQSITIONS OF
TRANSFORMATIONS

COMPOSITIONS OF TRANSFORMATIONS combine two
or more transformations to form a new transformation.

In a composition, yov perform each transformation on the
image from the previous fransformation.

Example of a composition of
fransformation: The green

~ | Y
fish is reflected to the pink
fish, and then translated to @

the 9ellow £ish.
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. EAANPLE: Drow the
graph of JK rotated 90°
counterclockwise abovt the
origin, and then reflected
across line y = 1.

96 -5 43 2 -

Step 1: Rotate JK 90°
counterclockwise abovt the origin.

Use the rule (x, ) = (-y, X)
to £ind the endpoints. /

.
o (3, 6) = (-6, 3)

K\

- N W F 0 e

S

o l‘(-l) 2-) -) l‘l(_z-, _I) ( 1 6 -5 4 3 -2 |

Connect the endpoints.

v

| 2 3 %56 1 %

Label the Poihfs with double

rime (”) when an image is

reflected a second time.

Step Z: Reflect J# across line y = 1.

Jis Z units above Y = 1, s0 K
place J”Z units below y = 1. /

k’is b units above Y= 1, so

place k"6 units below y=1. Ttz 75 27
Connect the endpoints.
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COMPQSITIONS OF
TRANSLATIONS

A COMPOSITION OF TRANSLATIONS combines two or

more tronslations.

Exomple of a composition @ L i
of translations: The yellow

dog is franslated to the pink €

dog, ond then translated to
the blue dog. @ «

In this image:

A# is transloted to AB.
AB is translated to AC.

The composition of two translations
is another translation.
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SEXAMPLE:  Describe the ~Y
transformation from DE to g

DuEl{ 3
P

DE is translated along NI R SR
vector (-4, -1) to D€ D/

D€' is translated along D
vector (4, 3) to D"E"

This is a composition of two translations, so the resvlt is
a translation.

To find the translation vector, we can either:
e Count the vnits from D to D (or € to €"):
D moves O units left/right and Z vnits vp
to map to D" (0, 2).
OR
¢ Add the coordinoates of translation vectors (-4, -1) and (4, 3):
(-4+4 -1+3)=(0,2).
The transformation from DE to D"€" is a translation along

vector (0, 2).
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GLIDE REFLECTIONS

# GLIDE REFLECTION is o translation followed by o
reflection. The reflection line is parallel to the direction of
the translation.

Example of glide reflection: Vol — ;‘u

The gray cot translates to ¢ )
the purple cat, then reflects /
o the green cot.

LY
[

EXANPLE: Drow the glide /\zy
reflection where AABC is ‘
translated along vector (-4, 0) and NER L3t %
then reflected across the x-axis. -z&
3 .
Translate along vector (-4, O): Z_
v
A(, -2) o H(-3, -2)
nY
B(2-) + B2, -) i
¢ S 4 3 2p - I 23 4 5 >,x

C(4, -3) =+ C(0, -3) . ) Q
A -zA
= &

Plot the points and
connect the vertices.
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Reflect AA'B'C’ across Y

the x-oxis: s
N Y
c 3
A(-3, -2) o A"(-3, 2) A 2
p B" ‘ J
B(-Z, -1) & B"(-Z,1) EEEF R x
C'(0, -3) = C"(0, 3) i & [
-4
-5
Plot the points and v
connect the vertices.
KEY PROPERTIES OF RIGID MOTIONS
| Rigid ' Size stays | Angle measure " Orientation
' Motion " the some? | stays the same? I stays the same? |
| Reflection = Yes Yes | No
" Translation | Yes | Yes | Yes
| Rototion | Yes | Yes | No
- Glid i i |
oe . Yes Yes No
" reflection i i
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COMPQOSITIONS OF
REFLECTIONS

Compositions of reflections have different rules, depending
on whether the lines of reflection are parallel or intersect.

Parallel Intersect
# composition of two # composition of two
reflections across two reflections across two
parallel lines forms a intersecting lines forms a
translation. rotation abovt the point of
intersection.
Fi\'-LJ(TrnM “E;L&nn” c,,ﬂ“ﬁﬁ #F'F;?FP
SR T AN Ay
TRaNsL g TIOR ROTATION

2Nn



EXAMPLE:  Reflect ALMN

ocross the y—axis ond then

nNY
across x = 5. What is the A 3
single transformation that DN 2
maps ALMN to AL"M“N“7 L | [
N3 o2 - 2 3 %
Reflecting across the y-oxis v
gives AL'M'N.
X=5
nNY |
M M I m
3 [ ] | [
N 2 | .Nu
D N . |
L o | e
Y3 o2 4|V 23 § 6 1 8 3 ‘x
J :

Reflecting AL'M'N’ across

x =5 gives AL"M"N",

ALMN moves 10 vnits to the
right to AL"M”"N". Therefore,
o translation along vector

(10, 0) moaps ALMN to AL“M"N”.

272

THEY-AXISAND X = 5
ARE PARALLEL LINES.
REFLECTING ACROSS Tw/0
PARALLEL LINES FORMS A
TRANSLATION.




“EXAMPLE: Reflect L&

quadrilm‘eml PARS across L m

line £ and then m. What's

the single transformotion QQ

that maps PARS to P T
P'Q"R"S"?

Reflecting PARS across
line £ gives P'QR'S'.
Reflecting P'Q'R'S’ across
line m gives P"Q"R"S".

The resvlt is a rotation
around point T.

To £ind the angle of rotation,
draw a line from Sto T

and S” to T. The angle
between these two lines

is 180°,

REFLECTING ACROSS Tw/O
INTERSECTING LINES FORMS
A ROTATION ABOUT THE
POINT OF INTERSECTION.

The transformation is

a rotation with center of
rotation T and angle of
rotation 180°,
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SYMMETRY

I£ o figure is reflected across a line and the new figure

is unchanged, then the figure has LINE SYMMETRY.

The line of reflection is called the LINE OF SYMMETRY.
A line of sgmmei-rg divides o figure into two mirror images.

~ 2~ A~
|

A g@ '

|

e o — v v

symmetry

Sometimes a ¥igure con have more thon one line of
sgmme’rrg.

6 LINES OF SYMMETRY 2 LINES OF SYMMETRY S LINES OF SYMMETRY

There ore six different lines along which yov can reflect
the €igure of the flower, and it will still look the same.
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If o figure is rotated between 0° and 360° about

its center and the figure remains the same, then it has
ROTATIONAL SYMMETRY. The point of rotation is
colled the CENTER OF ROTATION.

This figure has rotational :

symmetry becavse it :

still looks the same ofter g‘lf
180°

o rotation of 180°, which is I

less than one £ull turn (360°). :

I

& CENTER OF ROTATION

This $igure has rotational sgmmei-rg becovse when rototed
90° 180°, or 210", it still looks the same. I+ maps to itself.

| CENTER OF | |
0 ROTATION i i
o / | |
“age
i | e ! L2100 — — -
i N
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& G

1. Groph the composition of point P(4, 1), rotated 210°
counterclockwise abovt the origin to P’ and then
reflected across y= -1+o0 P"

2. True or False: If figure # s
is transloted fo figure B ' - : -
and figure B is translated /
1o figure C, then figure #
to figure Cis a translation. @
3. AGHI is translated along vector (1, -3) to AG'H'T!

AG'HTI'is tronsloted along vector (-2, 13) to AG"H'T"
Describe the transformotion from AGHI to AG"H"I"

WECK vour SHIOWILEREE

4. What is the composition of two reflections across two
parallel lines?

5. Complete the sentence.
# composition of two reflections across two

lines
forms a rotation abouvt the point of
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6. Groph the reflection of APAR across £ and then m.
Describe the single transformation that mops APAR to
AP'Q"R"

7. Does this #igure have line sgmmew‘rg? If so, how many
lines of sgmmeﬂg does it have?

ANSWERS 271



CLECK Your QIUSWERS

~NY
Y

<N

2. True

3. Translation along vector (5, 10) . (Hint: Add the
coordinates of

translation vecfors.)
4. & translotion

5. in’rersecﬁng, intersection

6. A rototion with center of rotation O and omgle of
rototion 27107 counterclockwise (or 90° clockwise).

7. Yes, 5 lines of sgmmehrg
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Chapter 25
CONGRUENCE

Two figures are CONGRUENT if there is a sequence of
rigid motions that maps one figure directly onto the other.

O e

Not a rigid motion A rigid motion
(Side lengfks get |arger) (Reflection)
-5 Not Congruenf -> Congruenf

7 X~ V

A rigid motion Not a rigid motion
(Translation) (Angles and side
9
- Cangruehf leng'HaS clmnge size)

-> Nof Congruenf
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EXAMPLE: TIs AARC
congruent to ADEF? T D

A B
If there is a rigid motion thot :; Fd

E
tokes AABC to ADEF, then the — é——=
+riomgles are congruent

A 4

A rotation of 270° counterclockwise mops AABC to ADEF.
Therefore, AABC is congruent o ADEF.

AABC = ADEF

Order is important when writing congruence statements,

AABC 2 ADEF means that A maps to D, 8 maps 1o €, and C
mops to F.

ARBC 2 AEFD is incorrect becavse # does not map to €.
Equivalent to AABC = ADEF:
AACR = ADFE ADEF 2 AABC

ABAC 2 AEDF AEDF 2 ABAC
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SEXAMPLE: Determine
whether the two figures in
the graph are congruent.
If they are, write a
congruence stotement.

JELM maps to NOPA by a
reflection across the y-oxis,
followed by a translation
along vector.

Becovse o sequence of rigid
motions maps JELM to NOPQ,

o)
PCON
Q S
K 4
J < J L
M
A 4
)
0
PCON
TRANSLATION
L X I
P K REFLEETION |k 1
L L J
M M

the Figures ore congruen‘r.

N\

The congruence stotement is JKLM 2 NOPQ.

y

Determine if AXYZ is congruent to AGHT.

I you trace AXYZ, and rotate,
reflect, and/or franslate it, you'll
see it is not possible to map

to AGHIT. Becavse there is no
sequence of rigid motions that
mops AXYZ to AGHI, these
friangles are not congruent.

Y AN

/1
e
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& G

1. True or false: Two figures are congruent if there is a
sequence of fransformations that maps one figure onto
another.

WECK vour SHIOWILEREE

For ques’rions 2 ond 3, determine i€ the Following images
are congruent

V4

4. Write o congruence stotement for the Following
congruen’r Figures.

Bx /E
A c D k
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For ques’rions 5-1, determine if the €igures ore congruen’r.

If ’rheg ore, write o congruence stotement.

1

5. y

>

N

L
N\

R
6. a
S
¢ P N
< 4
T
\'
N2 W
ANH 1
1.
J
¢ G N
\ M 4
L
¥ K N

ANSWERS
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CUECK Your QSWERS

1. Folse. Two figures are congruent if there is
o sequence of rigid motions that mops one
figure onto another. (Not all transformations
are rigid motions.)

2. Yes. There is a rigid motion (translation) that mops one
figure onto the other.

3. No. There is not a sequence of rigid motions that maps
one line segment onto the other.

4. AABC 2 AFED (or AACB 2 AFDE, ABAC 2 AEFD,
ABCA 2 AEDF, ACAB 2 ADFE)

5. Yes, GH2 IJor HG 2 JT
6. Yes, PARS 2 UVWT (or QRSP 2 VWTVU, RSPA 2 WTULYV,
SPAR 2 TUVW, SRAP 2 TWVU, RAPS 2 WVVUT,

QPSR 2 VUTW, PSRA 2 UTWV)

1. No. There is not a sequence of rigid motions that maps
one €igure onto the other.
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Chapter &5

RATIO AND
PROPORTION

RATIO

# RATIO is a comparison of wo or more quantities. It can
be written in different ways.

When comparing a o b, we can write:
atob or a:b or %

a represents the first quantity.
b represents the second quantity.

The ratio 4 to 8 can be written 4 +o 8 or 4:8 or %
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Note: We can multiply or divide a or b by any valve (except
2ero), and the ratio a to b remains the same (equivalent).

For example, ratios that are equivalent to 6:10:

18:30 3.5 120:200 oxlox | &. 19
X X
10

(b X 3:10 X 3) (%T) (b X 20:10 X 20) | (x = 0) | (X = O)

Ratios can also be vsed to compare measures.

EXANPLE: \what is the ratio of 32 oB
the leng’rh AB 1o the |eng’rh XY? A® Y
)(.

The rotio is 4 to0 3 or 4:3 or %
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Extended Ratio
An EXTENDED RATIO compares more than two
qyan‘riﬁes.

Tt is written in the form a:b:c.

ERAMPLE: A recipe for chocolate pudding requires
Z cups of sugar, 1 cup of cocoo, and 8 cups of milk.
Write an extended ratio for the ingredients.

How many cups of each ingredient would Yyov need to
double the recipe?

The ratio of svgar to cocoa to milk is Z:1:8.

To double the recipe, multiply each valve by Z.
2.2=4 1e2-=2 8+2=10

The ratio for the doubled recipe is 4:2:16.

We need 4 cups of sugor, Z cups of cocoa, and 1o cups of
milk to double the recipe.
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PROPORTION

# PROPORTION is on equation where two ratios are equal.

It con be written as: % = % or ab = cd
1.2
fFor example, 7 "2
In the proportion % = % multiply a « d and b« c and set
them equal to each other.
a c Two ratios that form a
Fx d proportion are called
EQUIVALENT FRACTIONS.
ad = bc —

You can check if two ratios form a proportion by using
CROSS PRODUCTS. To £ind cross products, set the two ratios
next fo each other, then multiply diagonally. If both products
are equal to each other, then the two rotios are equal and
form o proportion.

this is also known as
L . . .
Cross hnul‘l':f:'ncaf:on

A 8
For example, = > =

2 x 12 =(24
= » cross Producfs
3 x 8 =024
The cross products are equal, so .8
qQual.so == 37
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_ EXAMPLE: Are 2> and % proportional?

4
, 3 5
Multiply: Txt
3x6=18
5x4=120 The cross products are 18 and Z0.
18 = 20

The cross products are not equal, so % = %

You can also vse a proportion o £ind an unknown quantity.
Use x to represent the unknown quantity.

“EXAMPLE: Solve: % - X

- - cross multiply

S|

The proportion is: % =
290



EXAMPLE: Solve: 2 - 2
b X

5 15 .

> 7% cross multiply
Belx=06-15

10x = 90

x=1

The proportion is: % = }i

CHECK YOUR WORK:

5 _ 15 15 _15+3
Ix 2@ 18 18+3

-2
b

S“ERXAMPLE:  On average, Tim spends $3 for every 19 miles
he drives. Tim is planning a 570-mile road #rip. Fow much
money shovld he budget for gos?

Write a proportion that compares the dollar cost for gas to
the number of miles.

average frl'lp
$3 i $x & gas
o mi 510 mi ;

miles
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345710=19+ x

1m0 = 19x

x =90




@ CLECLYour (OLEDCE

Find the valve of x.

T
1x 74
1.}7"-1

5. The average length of a Brachiosaurus was 84 feet, and
a Velociraptor was b feet. Josh has a toy Brachiosavrus
thot is 28 inches long. \What length toy Velociraptor
shovld he buy so that it is proportional in size to the
Brachiosavrus?

6. It tokes Greg 16 minvtes to trim @ rosebushes. How many
minvtes will it take him to trim 30 rosebushes?
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CLECK Your QIUSWERS

1. 324 =9+ 7x therefore, x =4

2. 325 = x+15; therefore, x=5

3. 5¢4x =120 8, therefore, x = -8

Y. Ixe+1=14 1, therefore, x=12

5. 3% . 8 iherefore, the length is Z inches
b X
6. % % therefore, it will take him 80 minvtes
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Chapter 26
DILATIONS

SCALE FACTOR

# DILATION is a transformation that is not a rigid motion.
Dilations change the size of o figure. The shape remains

the same.

N\

#& dilotion is either:

on enlargemerw o reduction—
or magni{-’icoﬁon— the image is
the imagge is larger OR smaller than
thon the preimage the preimoge
=/ A
PREIMAGE - IMAGE PREIMAGE - IMAGE
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Dilations have a center,
SCALE FACTOR (1)
a ratio that determines how much
bigger or smaller the image is
shrink from the center compared to the preimage.

0, which is o fixed point.
#ll the points expand or

by o SCALE FACTOR.

the location from which all
Poinfs shrink or are exFanded

When yov enlarge o (-‘igure, the scale factor is
greo’re.r t+hon 1.

\When Yyov shrink o {-‘igure, the scale factor is
less than 1. (The new, diloted figure will be o
£froction of the original Size.)

# scale factor of 1 meons the ?igore s+ags the
same size: 100%. & scale foctor of Z means
the €igure is 200% larger.

e
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Finding the Scale Factor
We can find the scale factor from the ratio of corresponding
side lengths of o pair of figures.

SERXAMPLE:  Find the scale factor.

7 g R‘
QA Z
P4
7
Q 7 7 R Ll'
7
7 1 2
Ot = = = = T T T T
— 4 —
3
One WQ9 #nother WQg
Divide a side leng+h of Divide the distance from
the image, APQR, bg the center, O o P, bg the
the corresponding side distance from O to P’
length of the preimage,
APOR: F-9P_8 5
0 4
Scale factor r = % = % =7
Don't forget
to Sl'hn’;“;y.

Scoale factorr = 2
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SEXAMPLE:  AABC mops to (corresponds +0) AXB'C'.
Determine the scale factor.

N
N
N
N \C\
N
N

10 S ¢

\ 5 . N

B B _ 2e0

- - A
- - A g—
- \/
One \n/ag #nother ng
Find the ratio of Find the ratio using the
corresponding side lengths: distance from the center:
_BC _ O
=% "= o
_ 10 _ _ 848 _ 1o
r= c 7 r 8 8
r=2

The scole factor is 2.
The image is an enlargemen’r.
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EXANMPLE: Quadrilateral GHIJ mops to G'HT'Y".
Determine the scale factor.

/
1/ J
/
/ 8 -
/ 1
/ H /b/
Il/ d' ~ ~
/12~
/ ﬂl /Gl /\
° A
o) \Q,/ q/\k
One WQg Another wqg
Find the ratio of Find the ratio using the
corresponding side lengths: distance from the center:
_ GV .06
=69 r=06
_ L b
=% T
.1 .1
=3 =3

Scale factor = J}—

The scale factor is ‘]}— The image iS o reduction.
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DRAWING A DILATION

SERXAMPLE: Drow the image R
of APAR under a dilation with DQ
center O and scale factor 3. o® p

Step 1: Draw rays from O through
each vertex.

Step 2: Drow P

Use a ruler or compass to

measure the length of 0P, 9 i
0% p

OP=1cm

Multiply OP by scale factor

310 ge’rO‘P'.
R
300?’=30(]CM)=30m D _____
v 2
OP'=3cm Flcmy P

On the roy OP drow P’
3 cm from O.
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Step 3: Repeat step 2 for points G and R.
OR'=3:0R=3+(Zcm)=06bcm
OQX'=3.00=3-(3cm)=9cm

Step 4: Connect the points to drow the new triangle.

Corresponding sides are parallel in a dilation as long as
they don't pass through the center, O.

so, aP|| @, ar||a®r,, and Pr|| P
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DILATIONS ON THE
COORDINATE PLANE

To £ind the image of a dilation on the coordinate plane with
the center ot the origin (0, 0), multiply each x-coordinate and
Y-coordinate by the scale factor, r.

Plx, Y« P'lrx ry

/ If a dilation has a scale factor, r, then P(x, y) maps to P'(rx,ry).
N\

EXANMPLE: P(3 2) maps to P'under a dilotion with

o scole factor of % ond the center ot the origin.

Find the coordinotes of P’ after the dilation.

Plx, Y « Plrx ry

x-coordinate

(2.3 2,
PG.2) s Pl -3 5 - 1)

\
y-coordinate scale factor
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NSlo S|
o
n
W

9 L
P (7, 3)  Simplify.

@l
?(42,3)

/ //

4 g

> ,"P‘(L}'/zs
2 [ 4

1 7 P32

(@] 2 3 4 5 6 1 >X

»EXRAMPLE:  Cotherine is editing a portrait on her computer.

The editing software places the imoage on a grid. She

enlarges the height of the portrait to Z00% through a dilation

with center 0. Whot are the
coordinotes of the vertices
of the enlarged picture?

An enlargemen’r of 200% is a
scole factor of Z.

The new coordinates are:
A0, 3 3 A2 0,23

B(4,3) 5 B(2:412-3)

A0,2) B(,3)

Pl

0%(0,0)

c(4,0)

new coordinate &'(0, b)

new coordinate B'(8, b)
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C4,0)=C(2-42-0) new coordinate C'(8, 0)

0(0,0) = 02 « 0,2 « 0) new coordinate 0°(0, 0)

The center
! of a dilation
- maps to itself. |

A(0,6) e
18 (8,6)
| ﬁﬁ <(8,0)
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& CLECKYouR LOWLERCE

1. State whether each sentence is true or false:
A. Dilations are rigid motions.
B. Dilations are transformations.
€. Dilations preserve shape but not size.
D. The dilation of a line maps it to a parallel line.

For ques’rions 2-5, determine the scale factor of the dilation
that maps P to P’ with center 0. State whether the dilation
iS on enlargemen’r or a redvuction.

MORE QUESTIONS 305
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-y N/
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For questions b and 7, copy the figure and point 0. Drow the
dilation of the figure through point O with the given scale
factor, r.

1
6. r=12 7. r= —
L g M

8. P4, 3) maps to P’'under a dilation with o scale factor of
4 and the center ot the origin. Whoat are the coordinates
of P7

9. Quadrilateral 0PAR maps to Y
O0'P'Q'R' under o dilation with (3.3 L:\
o scale factor of ;— ahd ¥ T T Q(,3)
center ot the origin. Find the 2 R(3,2)
coordinotes of the vertices P ‘ .
after the dilation. N Ol 2 % "

10. Drow the dilation of OPAR in ques‘rion Q.
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CLECK Your QIUSWERS

1. A. Folse
B. True
€. True
D. True

2. ]—, reduction 3.

3 - enlargemen’r

I [ S [e

y 2, enlargemen’r 5. , reduction
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8. P16, 12)

9. 010, 0), P-1, 1), O« ;— 1,

L
R(1, 3)
10. y
A
In
d Q
2 R
Q’
P"? :
y4 R \7(
M | 2] [ o 2 y 7
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Chapter 20

Two figures are SIMILAR if they have the same shape but

not necessarﬂg the some Size.
SIMILAR FIGURES ARE DILATIONS,
BUT CAN ALSO BE ROTATED. ;

TRANSLATED, OR REFLECTED.

Similar €igures have

CORRESPONDING ANGLES (angles thot are in the some
relative position on each figure) thot are congrvent,

ond

CORRESPONDING SIDES (sides that are in the same relative
position on each figure) that are proportional in size.

Do HKS Dy

Similar Figures
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SIMILAR POLYGONS

Two polygons are SIMILAR if all corresponding angles

are congruent and all corresponding side lengths are
proportional.

“EXAMPLE:  The polygons are similar becouse they have

congruen‘r angles o

Lhz L Y — P
PALWA 8)—“/ A\ .
22 iz
LD i 33 H
D

....ond their corresponding sides are proportional.
AB 12 _ 5 & _21 35
33 8 A G 1 2 The symbol for

. .1 -t . ~ .
8C_ 1.3 ap_ 33 [MAWEO
FG 14 /A e 22 1

The similarity statement is ABCD ~ EFGH.
Note: The order in a similarity statement is important.

Write ABCD ~ EFGH in that order becovse ZA ¢ €,
LB LF L2 LG ond LD ¢ L.

M



The SCALE FACTOR of two similar polygons is the rotio
of the lengths of the corresponding sides.

CorreSPohding sides E

2 : : £
A c D F
I€ AABC ~ ADEF,

then the scale factor of AABC to ADEF is %

The scale foctor of ADEF to AABC is %

EXAMPLE: Determine if the triangles are similar. I€
+he9 ore Similior, write a similari‘rg stotement ond give
the scole factor.

12 ¢ 20

a IS
0 (SN
F 10

The +riomgles ore Similar becovse +heg have congruen’r
omgles .

Zh2 LD LB LE LC2LF
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....ond their corresponding sides are proportional.

o, B _ 12 5
Longes‘r sides: DE = 70 3
Ina triangle, the
. AC b 3 corresponding sides
Shortest sides: 0" E fouch ’;Ae mze Al
angle pairs.
o cidoe, BC . A 5
Remounmg sides: er T 3

When the orientation of the shapes is different, we can
compare proportions of the longest and shortest sides fo
help match vp the correct corresponding sides.

The similari+3 stotement is:
AARBC ~ ADEF
3

The scale foctor of AABC to ADEF is =

If the ratios of the corresponding side lengths are not all
equal, then the polygons are not similar.
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SEXAMPLE: APQR is not similar to ATUV. This is becovse
the corresponding side lengths are not all proportional.

\5

Q R V]
6 8
10 9
T v

: 10
QR _ 15 (3
Longes’r sides: ™V -0 7
RP_ /53
Shortest sides: TR 7

P&_10 % /5 3
Remammg sides: UV 3 79 2 = 7

If we know ftwo figures are similar figures, we can vse
their proportionality to find vnknown measurements.

EXAMPLE: AVWX ~ AVYZ. Find the valve of a.

Becovse the +riangles v
b
ore similar, the ©
. 7_’), W
corresponding A 36
side lengths are v X Z

proportional:
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YA 1
Reduce 88 to 7

@."W? THEY'RE SIMILAR.
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& G

1. Stote whether each sentence is trve or false:

WECK vour (LHIOWLERCE

A. Similar figures have corresponding congruent angles.
B. Similar figures have corresponding congruent sides.

2. Write a similarity statement for the similar polygons in

the given €igure.

Q 15 R

24

S

3. Whaot is the scale factor of KLMN 10 PARS in qyesﬁon 27

4. Find the valve of x.
AGHTI ~ ALK
i K

J 12
G 15
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For questions 5-1, determine if the following polygons are
similar. If so, write a similarity statement and give the
scale factor.

v
5. 18 Y

12
12
! “
24
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CUECK Your QSWERS

1. A. True
B. False (Corresponding side lengths are
proportional.)

2. KLMN ~ PARS. There's more than one correct answer:
LMNkK ~ QRSP wovld be another one—the congruen+
angles just have to line up in the stotement.

3.3
L] 8. x therefore, x = 10
12 1. '

5. No. The omgle measvures are not congruent
6. Yes: AABC ~ ADBE, % (or ADBE ~ AABC %). (The letters
in the similarh‘g stotements con be rearmnged, 0S long

as the corresponding letters line up)

7. No
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/ 4
1
$7 7z,

ANGLE-ANGLE (AA) SIMILARITY

We can compare angles to prove that triangles are similar.

l ANGLE-ANGLE (AR) SINILARITY PUGTILGTE

N\

If two angles of one +riangle ore congruemL to two angles
of another +riomg|e, then those two +riongles are Similar.

If /B2 /Zeond LC2 LF

Then AABC ~ ADEF \ L
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SERXAMPLE: Since ZH2Zlond LIz ),

Then bg the Angle-Angle (AHA) Similari‘rg Postulate,
AGHT ~ AKL).

K V.
=~
J'87° g7 60> |
i JB

EXAMPLE: Determine if AJEM is similor to ALMEK.

Since EL || JM, the alternate K

interior angles are congruent. A /

Therefore, ZIMkK 2 ZLKM.

Since JE || ML, the alternote K .
interior anglles are congruent /\ /
too0. . > /

So, LM 2 LIMK. ]

By the Angle-Angle (Af) /g\@/’/
Simi|ari’r9 Postulate, ! M
AM 2 ALME.
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- EXAMPLE: Beverly is 5;— feet tall. Her shadow is
3 feet long. She measvres the shadow of o nearbg tree
to be 36 feet |ong. Hrow tall is the tree?

Step 1: Draw a sketch.

o
Step 2: Determine %ﬁs FT

similarity. A |
3FT
Beverly and the tree both C
form right triongles (90°)
with their own shadows
and the sun's rays. 1

The angles thot the sun's rays make with both Beverlg ond
the tree are congruent The sun is shining down on both of
them ot the same angle.

Therefore, bg the Angle—ﬁngle () Similarh‘g Postulate, the
+riomgles ore Similar.

Step 3: Write a proportion. Then solve.

Let h= heigh+ of the tree.
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Beverlg's shadow - Beverlg's heig_h+
Tree's shadow Tree's heigh’r

) 5.5
%S

5¢h=3%0b+55
5h =198
h = 66

The tree is bb feet tall.

SIDE-ANGLE-SIDE (SAS)
SIMILARITY

We can compare corresponding sides and included angles
o determine if friangles are similar.

SIDE-ANGLE-SIDE (SAS) SINILARITY THEOREL

I£ two corresponding sides of two triangles are proportional
ond the inclvded omgles of those sides are congruen‘r, then
the +riangles ore Similar.

If LA LD omd /\ /\

Then AABC ~ ADEF.
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SERXAMPLE: Show how the triangles are similar.

APRT ~ AGRS R
Two corresponding side lengths 8 3
i S
are proportional. & -
6 T
RO 18 o
RP 18+06
8 /3
4\ 4
RS _ 15
RT 15+5
= ]_5 = i
/A 4
Inclvded angles are An angle is
congruent. congruent

b to itself.

ZR = LR (by the Reflexive Property)
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SIDE-SIDE-SIDE (8SS) SIMILARITY

We can compare corresponding sides to determine if two
riangles are similar.

SIDE-SIDE-SIDE (555) SINILARITY THEOREL

If the corresponding sides of two triangles are
proportional, then the friangles are similar.

Then AABC ~ ADEF. A

EXAMPLE: Is AUVW similor to AX2Y?

Compare the proportions from v

|onges‘r to shortest sides.

5
55/ WO e 6

Longes’r sides: — = — - —
VW 35

Shortest sides: A

& |uon

Remaining sides: —— = — = —
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The triangles are similar becavse the corresponding side
lengths are proportional.

AWW ~ AYZX

To determine the order that the vertices shovld be listed
in the similari’rg stotement, vse the omgle Size to iden’ri#g
corresponding congruent angles.

smallest angles (oPPosife shortest side)

AWW ~ AYZX

largesf angles (oFPosife 'ongesf side)

Triangle Similarity Summary

. Angle-fingle (A#) e
. Similarity Postulate \,&

If /B2 /Leond LC e LF
Then AABC ~ ADEF.
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| B _

| Side-Angle-Side (SAS) N

- Similarity Theorem /\ :
A c o F

i . AR AC
It A2 ZDond DE - DF |

Then AABC ~ ADEF. |

Side-Side-Side (SSS)
Similari’rg Theorem

AR BC _ AC
a DE €F DF
Then AABC ~ ADEF.
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& CLECCYow CIOWLEREE

For questions 1-4, state For questions 5-8, determine
the similarity theorem or whether the triangles
postulate youv wovld vse are similar. If so, write

to determine whether the a similarity stotement.

’rriomgles are Similar.
5. AGHI ond APGR

1. H q Q@
“ 1
28 2
» ‘vz A
P & ' 25 i
6. ALMO and AONM

10 m 18
L
20
22
O

N

7. AABD ond ACBD

. V

A 4 D
8. AWXZ and AV2Y

X
32
I8
15
Y
EETEFE
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CUECK Your QSWERS

1. Ah Similari‘rg Postulote

2. SAS Similari’rg Theorem

3. SSS Similarh‘g Theorem

4. AA Similari’rg Postulate

5. No. The corresponding side lengths are not proportional.

6. Yes, ALMO ~ AONM (using SSS Similarity Theorem). (The
letters in the similari’rg statements con be rearranged,
as long as the corresponding letters line vp)

7. Yes, AABD ~ ACBD (using SAS Similarity Theorem and
Alternate Interior Ang|es Theorem). (The letters in the
similari’rg stotements con be rearranged, 0s Iong oS the

corresponding letters line vp.)

8. No. The corresponding side lengths are not proportional.
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Chapter 29)

PROPORTIONS
IN TRIANGLES

Proportions can be used to find measurements in friangles.

TRIANGLE PROPORTIONALITY THEOREL

If o line is parallel to one side of a triangle and it intersects
the other two sides, then it divides the two sides proportionally.

1¢ 8D|| #€ then ¥ - 2.
X

8|<

The converse is also true:
I¢ ¥ - Z then 8D|| A€
w X

329



“ERXAMNPLE: Find the value of x.

From the Triangle Proportionality )
Theorem, 10 >

0 _ b

X 15

1015=x+0
150 = bx
x=15

"EXAMPLE: ' The support banisters on a stairway are
built 4 inches apart.

The |eng+h of the stair railing between the first and second
banisters (AB) is 5 inches.

AB =5in.
Find the leng’rh of the railing

between the other four banisters
(8D, DF, and FH).

4in. Yin. Yin. Yin.
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Since the banisters are parallel to each other, use the
friangle proportionality theorem.

e
I T
T

BN
®
dJ

4.8D=4.5
48D = 20
8D =5

Use the same proportions for Df and F#.

CE _BD €6 _ DF
€6 DF GI ~ T
4.5 4.5
4 DF 4 TH
DF =5 FH =5

The leng‘rh of the miling between the other four
banisters is 5 inches.

33



# COROLLARY is a statement that £ollows from o theorem

or postulate and requires little or no proof. referred fo as

! “self-evident”

COROLLARY TO THE TRIANGLE
PROPORTIONALITY THEORELY

If three or more parallel lines intersect two transversals,
then they divide the fransversals proportionally.

1% 7x || ar || z. P/ R \x
PA _ XY G./ _ \Y
+h€ﬂ@—ﬁ. >

A 4
/
N

R
EXAMPLE: Royal Avenve, LA frvenve, and Cochron Street

are parallel to one another. They are crossed by Sequoia
Avenve and Sycamore Avenve.

Royol Ave.
Find the distance, x, between 8 <\ 20mi
Royal Avenve and L# fvenve. & LA Ave. %%
S >
> Z\\lom
? . (v o .
s |1.2 hm.' Cochran St
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Using the Corollary to the Triangle Proportionality Theorem,

x _ 10

12 16

X*1l6=12.20
lbx =124
x=15

The distonce between Rogol Avenve
ond LA Avenve is 15 miles.

ANGLE BISECTOR THEOREL
£ AD is o bisector of ZA, then <= 2
m n A
The converse of this theorem ~Mo
iS also trve. C b
c b — .
If AR then AD is a bisector
B C
of ZA. m D n
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Solve for x.

Bg the Angle Risector Theorem,

3x  1x+06

9 15 2X+6

3x+15=9(Zx+0)

45x = 18x + 54

Find the valve of x.
G I

Step 1: Use the Triangle K x
Proportionality Theorem
to £ind GH.
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- Step 2: Use the Angle Bisector Theorem
- to £ind the valve of x. 20

. Since Gk =4 ond kJ =3,
_ Tk X
L GI=6GKk+kKI=4+3=1 J

" From the Angle RBisector Theorem,

X 1 20
T et oM
3
20
X 3 =5.7
23—0x=35
Z;,)x- -35.3
20x = 105
_ 105 721 |
x =4 = £l - 525
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1. Use the Triangle Proportionality Theorem
o write a proportion for the triangle.

2. Mark says you con use the H
Triangle Proportionality
Theorem 1o £ind the value
of x in this riangle. 8
Is Mark correct? J

3. Solve for the valve of x in the triangle |, 14
to the right.

4. # skateboarding romp has fwo
perpendicvlar support beams,
as shown in the diagrom. find
the length of the romp.

1

75 FT 6 FT

5. Find the valve of ain

the ?igure to the righ’r. > ot
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6. Find the valve of win 7. Find the valve of Yy in the

the #igure below. +riomg|e below.
/‘
20 IS
w
/ 20 3y
1 ~
4 1 0
y N 3y+5
q 6

8. find the leng+h of CD.

9. Find the valve of x.
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a

c b, c_d
dorc-dora b)

2. No. Tt is not given that GK is parallel to A
1z
4
a5
X

; therefore, x = %

p—Y

x|e  x|w

; therefore, x = 10. The ramp is 18 feet.

-0

- % . therefore, a - 4

a+8 1a’

AWy
6. (Use the ratio: o " 70-w ), w=12
3g+5
3y 15

4
"’

b . therefore, x =3

~

; therefore, U 5

; therefore, CD = 0

h44> _ﬂe~
%
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Chapter 20

SLOPE. AND

LINEAR EQUATIONS

)

SLOPE
SLOPE (m) is ratio that describes the tilt of a line:
_ _rise
slope (m) —

T RISE is how much a line goes up or down.

& RUN is how much a line moves left or righ’r.

THINK: I rise up from bed.
I run along a path.
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SEXAMPLE: # line with o slope of = 1

RISE =3 |
RUN =2 : |

N

# slope (m) of % means thot every fime |
the line rises 3 vnits, it also runs 7 vnits. N -
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There are four types of slope:

Positive Slope Negotive Slope

® rises from left to right e folls from left o right

e rise and run are positive, * rise is negative and run is
rise _ . i rise _ i
= positive positive, = negative
5 _ s \:?\ Py

A

\ > X
! A

.

SAM GOES UP SAM GOES DOWN
Zero Slope Undefined Slope
¢ is horizontal * iS vertical
erise =0, so rise __0 | O erun=050 LU S
ron ron ron 0
which is undefined.
Y Y
T A number TT ‘l
! Ziwded ) I
y zero 1§
undefined.
€ X £ X
b

L R

SAM GOES NOWHERE
342

SAM IS IN TROUBLE!



5 TOIWES YoU WEED T6
LI6w ABOUT SLOPE:

1. Angﬁme You move upP,
thot is o POSITIVE RISE.

2. Ang’rime Yov move DOWN,
thot is o NEGATIVE RISE.

3. Ang’rime you move RIGHT,
thaotis o POSITIVE RUN.

g, Ang’rime Yov move LEFT,
thot is o0 REGATIVE RUN,

5. The slope is the SANE everywhere
on o STRAIGHT LINE.
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Finding the Slope of a Line

To find the slope of a line:
1. Pick any two points on the line.

2. Drow a right triangle that connects the two points
and vses the line as the hypotenuse.

3. Count the units up or down from the line fo find the rise.

4. Then count the units left or righ+ to find the run.

EXAMPLE: Find the slope of the line.

-
7 <

down 3 units

slope (M) = ——= —= =

slope = -1 right 3 units

(A slope of ? means that run=3 \
every time the line moves N

down 3 vnits, it also moves
right 3 ynits.)
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Formula for slope when yov know two points on a line:

change in Y -
Slope = n orm=L=4h
X, — X4

chomge in x

X, is read as "x suvb 1"

" mbsc:—iFf

Svbscripts help differentiate the points. Name one point
(x, y) and the other (x;, y,).

The order of the points being named does not matter as

long as yYou keep the ordered pair together.

“EXAMPLE: Find the slope of the line that passes through
points (3, -2) and (b, -1).

L5 <

Le+(x1,y1)=(3,-2)and . S A S L . I P
N ) 3 4
(Xz, yl) = ((D, —1) _‘2 ‘ﬁ(é’; _\)
= (3,-2)
Then, x; = 3, Y= -7, l‘*
X, = b, and Yo = -1
%Y _ -1-(-2) - 1
slope (m) X~ X, =3 3
slope = 4
3
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EXAMPLE:  Find the slope of the line on the graph.

Choose any two points on the line.
For example, (Z, Z) and (4, 1).
Let (x, y) = (Z, 2) and (X, Y) = (4, 1).

Then, x,= 2 yl=2
x7_=4 yz=]

slope (m) = qiqu -

-
slope 7
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Parallel lines have the 1
same slope. s|oPe=%

_ 4
/ﬁ sloPe_
?

N
£
(&

A
-+
~—
‘\/

Perpendicvlar lines y
have slopes that are T
the NEGATIVE
. RECI'PROCALS ‘ 5'°P°=?,'—=2
| of each other. A 2 .
« 7 >

1 /A
. negative reciprocals.

. | -
'L and - are / 3 slope=To

A RECIPROCAL is o fraction where the numerator and
denominotor are reversed.

2 and % are reciprocals of each other.

b

9 ond - % ore NEGATIVE RECIPROCALS of each other.

b
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SEXAMPLE: Determine whether the quadrilateral with
vertices (0, 1), (3, 3), (-3, -5), and (0, -3) is a parallelogrom.

Plot the four points on a
coordinate plane. Connect the
points to create a quadrilateral.

)

If£ both pairs of opposite
sides are parallel, then it
is a parallelogram.

The side (x, y) = (0, 1) and
(X2, Yo) = (3, 3) has a slope of:

Y _3-1_17
X,- Xy  3- 3

The side (x,, y) = (-3, -5) and (x;, y,) = (0, -3) has o slope of:

Y-Y  -3-(-5)  -3+5

X, = Xy 0-(-3) 0+3

Z
3
The two sides have the same slope, so they are parallel.

The side (x,, Y) = (-3, -5) and (x,, Yo) = (0, 1) has a slope of:

Y-Y _ _1-(5) _ 1+5 =£=Z
X - X 0-(-3) 0+3 3
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The side (x,, y) = (0, -3) and (x,, Y,) = (3, 3) has a slope of:

- _ 3-(3) _3+3 _ 06 _2
X, = X 3-0 3 3

The two sides have the same slope, so they are parallel.

The quadrilateral is a parallelogram.

GRAPHING
LINEAR EQUATIONS
The equation of a line is o LINEAR EQUATION.
Linear equa‘rions con toke the form:
Yy=mx+b

Yy=everyy valve in the line

_ rise
m = slope (_run )

b = y-intercept (where the line crosses the y-axis—point 0, b)

I£ you know both the y-intercept and the slope of a line,
you can groph the line.
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Linear eqyon‘ions con also
be written as:

Ax+By=C (standard form)

& B, ond C are constants.

EXANPLE: Groph: y=2x-1.

Formaot: Y=mx+ b

m=2,0r £ b

Step 1: Plot the y-intercept.

x=00nd y=-1(0,-N

Step 2: Use slope to find
additional points.

Since the slope is % rise 2

and run 1.
Plot a few points.

Step 3: Connect the points.
350

Constants are numbers
or letters on their own;
they have no variables
and their values
cannot be changed.

Y
ﬂ\
3-
|
— 2 -l | 2 —rx
-0
- &)’-inJrercePf
J
Y
™
2
2
‘J.
A
ya 2 Ax
T 2 -l o2 7
9
-4
2

Sfdr"’ at Foihf (O, -1) and Flof
rise
ron °

additional Foihfs usihg




EXANPLE: Groph: x+ y=4.
First, write the equation in the slope-intercept form
Yy=mx+b

-x is the same as -lx,

Y=-x+4 m=—+~, b=4

50 m s —L.
1
Step 1: Plot the y-intercept (0, 4).

Step 2: Use slope (- %) to find additional points.

rise _ -1, rise 1
ron 1 ron -1

Step 3: Connect the points.

> R

Y- interce Pf73’
(0, %)

|

y4
3 |
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HORIZONTAL AND
VERTICAL LINES

x = ais o vertical line with x-intercept (a, 0).

\ (x-infercept is 3)

§
x
z%sw 1

N

Remember: The slope of a vertical line is undefined.

Y = bis a horizontal line with y-intercept (0, b).

A 4

< AR > y=-2
(y-interceptis-2)

Remember: The slope of a horizontal line is zero.
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& CLECKYouR LOWLERCE

1.

2.

\Whot s the slope and y-infercept of y = == x - 107

Find the slope of the line that passes through (1, -2) and
Y

(5, -9. 1
Y
Find the slope of the line 2
in the graph. — S

In parts a and b, determine if the graph shows
o positive, negptive, zero, or undefined slope.

S e ALaEEy HE R
LT =

Line B has slope -4. What is the slope of the line that
is parallel to line 7

ANSWERS 353



CLECK Your QIUSWERS

1. slope (m) = -%, y-intercept = (0, -10)

-4-(-2)

o1
c.7 therefore, slope = 7

3. slope =1

4. A. Positive
B. Undefined

5. -4
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Chapter 3

THE
PYTHAGOREAN
THEOREM

# right triangle has two legs and o HYPOTENUSE —+the
side opposite the right angle. The legs are connected at
the right angle. The lengths of the legs are a and b and

¢ is the hypotenuse.

The PYTHAGOREAN THEOREM is used to find the
Iengi-h of a side of a righ+ ’rriangle.

l PYTHACOREAN THEOREL

N\

Ina righ‘r +riangle, the sum of the

. AyPofehuse
squares of the Ieng’rhs of the legs is . /
equal o the square of the hypotenuse.

|
eg—-i_l

PR

'eg

leg 'eg AyPofehuse
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SEXAMPLE:  Use the "Pythagorean Theorem o find the
valve of x.

The length of the hypotenuse
is 10.

o+ b= & 10

a=Xxb=06 ond c=10.

Xt + 6t = 10" The hypotenuse is the side
opposite the right angle.
It is always longer than

Xt + 36 =100 the length of either leg.

Xt + 36 - 36 = 100 - 36

WI Xt = V 04 (To isolote x, £ind the square root of
both sides.)
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SQUARE ROOTS

The square root of a number is a number that when
multiplied by itself gives the first number. It is shown
by putting the number inside a radical sign, or N

The square root of 64 is written as '\I 04 ond is read as
"square root of 64"

Vot -V8x8 -8and Vo4 -V-8x-8 - -8

The square root of 64 is 8 ond -8.

Vb4 is also known as a perfect square:
fLe ProduC‘f‘ O‘F

2 e.zual infegers

8x8

If a number under the radical sign is NOT a perfect square
it is an irrational number.

WHORE YOU CALLING

example: Y1 _is irrational IRRATIONAL?!

'\l 13 isirrational

A number cannot be mul'h',;lied
by itself to get this number.
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EXAMPLE: Brandy tokes different

measurements of her door. The \ .
heigh’r is 80 inches, ond the base | | 4
5 |80in.
iS 30 inches. What is the diagonod ; |
heigh’r of her door?
b— 36in.—

Let ¢ be the height of the door,

Using the Pythagorean Theorem with a = 80, b= 36, and ¢ = 7,
ot + bt = c*

80% + 36* = c*

6400 + 1296 = 1,696

ct = 1,69

c =811

The diagonal heigh+ of the door is 811 in.
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a riaht trianale
%




I€ c2 > a? + bt then AABC is A
on obtuse +riomgle.

"EXAMPLE: ' A triangle has side lengths 6, 5, and 10.
Is the +riangle obtuse, acvte, or righ’r?

Since 10 is the longest side length, ¢ = 10.
c® =10% =100
at + bt = (* + 57
=306 + 25
= (]
100 > 61

Since ct > a + b%, the Jrriour\gle iS an obtuse +rian9le.
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& CLECKYouR LOWLERCE

1. Orion cotches o fish 10 feet
downstream on the opposite
side of a river using o
34-foot-long line. How wide
is the river?

2. Daphne is trapped in o

bg o 20-foot-wide moot. Her

i
48—€oo+—high costle, surrovnded [ M
1

ot the edge of the moaot

rescuer needs a ladder to place

that will reach the top

of the castle. How |ong
o lodder is needed?

P e e e e ————

|6 FT

In ques’rions 3-4 the leng‘rhs of the sides of a +riangle ore
given. Determine i€ the +riomgle iS acvte, obtuse, or righi—.

341 9. 12,16, 20
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CLECK Your QIUSWERS

1. 34% = 16 + x%, therefore, x = 30 £t

2. 20% + 482 = x%, therefore, x = 57 £t
3. 1% > 42 + 32, therefore, the +riangle is obtuse

4. 20% =127 + 16% therefore, the +riang|e is righ+
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Chapter 3

MIDPOINT FORMULA

The midpoint is the point on a line segment that is halfway
between endpoints. The MIDPOINT FORMULA is used
to find the coordinates of a line segment's midpoint on o
number line or a coordinate plane.

Midpoint on a Number Line
The midpoint of AB is:

A
_a £b °

M B
I ) | °
) b
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SEXAMPLE: \What is the 5
midpoint o PR? b
-1

u-:Iw

[
!
o)
Use the midpoint formulo:

a_+ b— » ethoinfS ofﬁ \

7 =

midpoint =

=-lond b =5:

_ -1+5
7

[}
(STEN

The midpoint is 2. o

Midpoint on a Coordinate Plane
The midpoint of A8 is:

S
7 <

1 . [ XX, HP‘H?.)
! midpoint ( i e b

(X1, y1) ond (XZ. yz) ore the
coordinates of the endpoints.
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EXAMPLE: = Find the midpoint y

— /S

of CD gjven C(Z, -2) and D(b, 2).
2 oD
M
Use the midpoint formula: & A ™
Xt X LI . q -2 ce®

midpoin+=( Lt T 1) 2
(% Y) = (Z, -2) and (x;, Yo) = (6, 2):
X1=2,y1=—2,x2=(0,y7_=2
[ Z+6 -1+1
B 7 1
(8 O

171
= (4,0

CTERAMPLE: ' Line segment GH has endpoint G(-3, -4) and

© midpoint P(-1, -3). Find the coordinates of endpoint H.

{ Use the midpoint formula:

| | G’(—?), —4) = (X1, 91) Qnd H = (Xz, yz)

| X = -3, Y= -4 midpoint = (-1, -3)
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—3+X7_ -4+ qz

(_], _3) = ( Z , Z

The x-coordinote is:

LB
T2
‘2.=‘3+X7_

X7_=]

The y—coordina+e is:

_3=i£HL
‘(0=‘4+yy_
o2

o Xi+ X +
mndpom’r=( Tt %2%)

|

/N

P2

G(-3-4)

Therefore, the coordinates of H are (1, -2).
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DISTANCE FORMULA

The DISTANCE FORMULA is vsed to find the distance
between two points (or the length of a line segment) on a
number line or coordinate plane.

Distance on 2 Number Line
The distonce between # and B is:

the coordinates of A and B

A B
AB = |a - blor|b-al —“—
) b

“I' 1" means absolute value

Absolute value: the distance of a
number on the number line from 0
without considering which direction
from 0 the number lies.

EXAMPLE: Find the valve of AR. Use the Distance Formulo.

B

AR = |a - b| —
5 2

a=->ond b=17:

A =|la-b|=]-3-2]=|-5]=5
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Distance on a Coordinate Plane
The distance between two points on a coordinate
plane is the square root of the difference of the
x-coordinates squared plus the difference of the
Y-coordinates squared.

The distonce between # ond B is:

: AB =“J(X7_—X1)7'+( z-y])z |

the coordinates of A and B

y
B
Yo -7~ ’ B
AR
Y\ '"‘: :
[ : S .
X X2 *

EXAMPLE: \Whot is the distance between points
S(-Z, -1) and T(1, 3)?

AB =V (x, = x)2 + (1, - Y
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—_(x_'._y_‘)_(_zﬂ_l)_and (Xq u':) = (] 3)

u‘_—] X-,—] Uq-?)
N

ST = ¥ 0x - ) + (U, - 42
v J

= V(-1 +(B3- (D2

=N+ 22+ (312

= 'J(3Z+4Z) = 42.5

ST=5




& G

1. Find the midpoint o€ AB on the number line.

WECK vour SHIOWILEREE

A B
——t ¢
= S A

2. Complete the sentence.
Given #(x, y1) ond B(x,, yz), the coordinates of the
midpoint M of A8 are

3. Find the midpoint of CD given C(Z, 3) and D4, 8).

4. Find the midpoint of QR YA
in the groph.
’ s R(1,D
>
/
a(22) ¥

5. Line segment €G has endpoint €(-1, -5) and midpoint
M(-3, -1). Find the coordinates of endpoint G.
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. Use the Distance Formula on o number line to write the
formvula for RT,

5 %
~+ o —

. What is the distance between M and N7

M N
Y R I I D . B
-5 -4 -3 -2 4 O | 2 3

. What is the distance between P(-5, 8) and R(0O, -4)?

. Use the Distance Formvula to find the distance between
Lily's house and #lex's house, located ot (Z, 1) and (5, 5),
as shown on the map below. €ach square represents
one square mile.

QZ:B L

ALEX'S
HOUSE

& a
1

LILY'S HOusSE

ANSWERS 3N



CLECK Your QIUSWERS

1. LZ“’ therefore, the midpoint = 1

o xex +
2. m|dpom+( R %Zqz)

-1+x -5+

5. (-3,-1) = L =2tY)-q,

(=3, -1 ( 7 7 ) (1,3
6. RT=|r-tor|t-r|

7. MN=|-4-2]|=6

8. V(0-(-5)+(-4-8), therefore, PR = 13

9. VE-22+(5-1
The distance between Lilg's hovse and
#lex's hovuse is 5 miles.
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Chapter 3
COORDINATE

WRITING A TRIANGLE
COORDINATE PROOF

# COORDINATE PROOF involves drawing figures on
o coordinate plane. Stotements about the figure can be

proven using the DISTANCE and MIDPOINT FORMULAS,
theorems, and postulates.

When writing a coordinate triangle proof:

1. Drow and label a coordinate graph.

2. \Write the formulas that you will use to construct the

coordinate proof.
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3. Moake o plan and write the steps you will use to show
that the given information leads to what Yyou are proving.

§. \Write a final statement thot states whot you have
proven and why it must be true.
Formvulas vsed for coordinate proofs:

Slope Formula: m = 2~
X2 =%y

Distance Formula: D = V(x, - x)2 +( Yo = Yt

USING THE
DISTANCE FORMULA

When gjiven the coordinotes of a triangle, you can prove the

friangle is isosceles by using the Distance Formula to show

that the graphed triangle has fwo congruent sides.
"EXAMPLE:

Given: AGHI hos vertices G(1, 1), (3, 1), and I(Z, -1).

Prove: AGHI is isosceles.
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Step 1: Plot the points on a A
coordinate plane and connect )

them. Label the points. \ Gw
> x

N
w
-

Step Z: Name the formula needed for the proof.

Distance Formula: D = ¥ (x, - x)% + (y, -

Step 3: Write the steps fo show the triangle has
Two congruent sides. ~ isosceles triangle

G’ = (X], y‘|) = (], 1)

The lengjth of GHis: D = ¥ (3= 1 +(1- 1)
H=Og y) = (3,

N0 =4 =2

M= (g0 = (3D

The length of HT is: D = ¥ (2. 32 + (-]~ 1%
I=(% Y= -D

D ETAn

The length of GTis: D = V (2~ 1) + (-1- 12

Aoy A5

G’ = (X], y‘|) = (], 1)
L= (6 4= -
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Step 4: Write a final statement.
Since HI and GI are equal in length, they are congruent.

AGHT is isosceles becavse it has two congruen’r sides.

EXAMPLE:
Given: AXYZ has vertices X(-2, 0), Y(Z, 3), and 2(1, -3).

Prove: AXYZ is scalene.
2-
I\ 4
X - x
A scalene triangle has 2 2 7
no congruent sides. \

Distance Formulo: D = ¥ (x, - x)* + (y, - y*

Find the leng+hs:

Xt:D=N@2-(2)2+(3-0F =N@+27+3 =N4+3 =425 {5

VZ:D=AN(-202 (3-32 = V(62 =37

XZ:D=N(-(2)2+(3-02 =¥+ 22 +(32 =32+ (32 =418
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Since the three sides have different Ieng’rh measvres, there
ore no congruen’r sides.

AXYZ is scalene becavse it has no congruen‘r sides.

USING THE SLOPE FORMULA

When given the coordinates of a right triangle, yov can
prove the triangle has a 90° angle by using slope to show
that two sides of the triangle are perpendicular.

# reciprocal is a fraction where numerator and denominator
are reversed. If wo lines have slopes that are negative
reciprocals of each other (one is positive and the other is
negative), then the lines are perpendicular.

EXAMPLE: v\
.
Given: APGR hos vertices AN
P(-Z, 3), A6, -1), and R(Z, -3). |
S NN iG;X
Prove: APGR is a right friangle. 2
v R

Slope Formula: m = 2—J-
X2— %
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Show £ PRA is a right angle by showing PRond QR are
perpendicvlar.

5. 3-3 _ b _-b [ 3

The slope of PR ST DT Tz T % yA
i 3-CD_ 341 -2 (2

The slope of AR is: 7.5 = 3 - 3.3

Since PR and @R are negotive reciprocals of each other,
they are perpendicular.

Therefore, ZPRA is a right angle.

APGOR s o right triangle becavse it contains one
righ’r angle.

P
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USING THE
PYTHAGOREAN THEOREM

Another way fo prove a right friangle is to vse
the Pythagorean Theorem.

*EXAMNPLE:
Find the lengths of each }'\
side of the ’rriomgle ond Pe
then show that they follow z
2, pL = L
at + bt = ct, ¢ - - —3x

First use the Distance Formula
to find the |eng+h of each N/ R
side of the +riomgle.

D = ¥ (6 - x) + (y, -y

PRD=VE-(2)2+(1-32 =V +(-42 =V49+16 = V65

@R:D = N2 -57 +(3-(-I)2 = V31«22 =¥q+4 =413

PRD=V2-(DF+(-3-32 = NAL+(-6)2 = V1b+36 = V52
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Then vse the 'Pg’rhagorean Theorem

at + bt = ct

(13 )2+ (¥52)2 = (V65 )
13452 =65
65 = 65

APGR s o righ‘r +riang|e since the |eng+h measvres of its
three sides follow the ’Pgi-hagorean Theorem.
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@ CLECLYour (OLEDCE

1. Given: ALMN has vertices L(-Z, -1), M(0, 3), and N(1, 0).
Prove: ALMN is isosceles.

2. Given: ASTVU has vertices S(1, 2), T(5, 0), and U(3, -3).
Prove: ASTV is scalene.

3. Given: AXYZ hos vertices X(-Z, 0), Y(-3, 3), and 2(4, 2.
Prove: AXYZ is o right friangle.

ANSWERS 381



CLECK Your QIUSWERS

D= -J (xz - X1)z + (yz = 91)1

(M- NO-C2)+G-(-D =¥22+4 =420

MN: V(-0 +(0-32 =V12+(=32 =410

IN: V-2 +©-(-D2 =N32+12 =410

Since MN and LN have the some length measure, they
ore congruent

ALMN is isosceles becavse it has two congruemL sides.
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/N
N
B

D = V(6 - x) + (4, - Y-

ST-NG-1:+0-22 =N4+(-22 =420

TU:ANG-52 «(3-02 Ve (3 =415

SUN@-12+(3-272 = V22 +(-52 =429

Since the three sides have different leng+h meaosvres,
there are no congruen’r sides.

ASTV is scalene becovse it has no congruen‘r sides.
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Y
N
I+
Y,
t?z
¢ %2 2 m 6 %
N/
il 2™ N
X2 = X4
vv. 2-0 B [
A T
7. L-0 _ 7 _1
A 4-(-2) b 3

Since XY and XZ are negotive reciprocals of each
other, they are perpendicular. Therefore, ZYXZ is
o right angle.

AXYZ isa righ+ +riangle becavse it contains one
righ+ omgle_
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Alternote method:

Distance Formula: D = ¥ (X2 = x)" + (Y, - Yo*

XY: N -0 +(3-012 =N+ =410

YZNG-(3)2+(2-32 =N+ =450

XZ:V@4-0r+@2-07 =VOr+@2r =v¥40

Using the ‘Pgi-hagorean Theorem:
at + bt = ¢t

('\‘10 > +('\“‘r0)z =(‘\ISO)2
10 + 40 = 50
50 = 50

AXYZ is a righ+ +riangle since the len<3+h measvres of its
three sides follow the ‘P9+hagorean Theorem.
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Chapter 3

COORDINATE
QUADRILATERAL
PROOFS

WRITING COORDINATE
QUADRILATERAL PROQFS

Statements about a quadrilateral drawn on a coordinate
plane can be proven using the distance and midpoint formvlas.

When writing a coordinate quadrilateral proof:
1. Drow and label a coordinate graph.

2. Write the formulas thot yov will use to construct the
coordinate proof.

3. Moke o plon and write the steps you will use to show
that the given information leads to what you are proving.
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§. \Write a final statement thot stotes what yovu have
proven and why it must be true.

Methods to prove a quadrilateral is a parallelogram:

METHOD FORMULAS NEEDED
Show that both pairs of Slope: m = sz:xw
A 1

opposite sides are parallel.

Show thot the quadrilateral Slope: m = J:Iz_:fil_
has one pair of parallel and
congruent sides. Distance:
D = ¥ (x - x)% + (Y, -y

Show that both pairs of Distance:
opposite sides are congruent. | D = ~ (Xp = X% + (Y - Y)*
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USING THE SLOPE FORMULA

The slope formula can be vsed to show that both pairs of
opposite sides in a parallelogram are parallel.

"EXAMPLE:

Given: Quadrilateral
PGARS has vertices
P(1, 2), A3, 1), R(5, -3),
and S(1, -2).

Prove: Quadrilateral
PARS is a parallelogrom.

fFind the slopes of each side.

I£ the opposite sides of quadrilateral PARS have the same
slope, then the sides are parallel.

A 1

Slope Formvulo: m =

X2 = X
TR -7z 1 [T
P& has a slope of: 30 340 7
Y= L-(3) _-2+3 [ 1
RS has a slope of: TTE 2 7
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PA and RS have the same slope, so they are parallel.

PS has a slope of: -1 T 7 7A
R e el B
@GR has a slope of: 3 7 Z

PS and @R have the same slope, so they are parallel.

Quadrilateral PARS is a parallelogrom since
both pairs of opposite sides are parallel.
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USING THE SLOPE AND
DISTANCE FORMULAS

The slope and distance formvulas can be vsed to prove a
quadrilateral is a parallelogram by showing that one pair
of opposite sides are parallel and congruent.

EXAMPLE:

Prove: Quadrilateral PARS
has one pair of opposite sides

that are parallel and congruent.

Slope Formulo: m = é"%g‘—
VA 1

Distance Formvla: D = v (X2 = X + (Yo - Y

— -2 1 [
P& has a slope of: 20D - 3.1 7
— L-(3) _-2+3 [ 1
RS has a slope of: -5 3 4

PA and RS have the some slope, so they are parallel.
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Pahos a length 0f: D = V(3= (-2+(1-2)2 =V 42+(-)2 =41

RS has o length of: D = VG- (3-(-2)2 V4 (-2 =A1n

PA ond RS have the same length measures, so they are
congruen‘r.

Quadrilateral PARS is a parallelogram since it has
one pair of parallel and congruent sides.

USING THE DISTANCE
FORMULA

The Distance Formula can be vsed to prove a quadriloteral is
o parallelogram by showing both pairs of opposite sides are
congruent.

»EXANPLE:

Prove: Quardrilateral PARS Pe |,
is a paralielogrom. >
y &

Distance Formvla:
D= 'J(Xz - X])z + (yz ‘31)2
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Pahos a length 0f: D = V(3= (D2 +(1-27 =N 42+(-)2 =AM

RS has o length of: D = VE-N (3= = V42 (2 =1

PA and RS have the some length measure, so they are
congruem‘.

PS hos o length of: D = ¥ (1= (-0 + (-2-2)2 = V72 +(-47 =20

@R has a length of: D = V(5-3)2 +(-3-1 = V22 +(-47 =20

PS and @R have the same |eng+h measures, SO +he9 ore
congruem‘.

Quadrilateral PARS is o parallelogram since it has both
pairs of opposite sides congruent.

392



EXAMPLE: A tropezoid y
has exactly one pair of F

parallel sides. Show one /? x
Eq G

Pair of opposite sides is

y
parallel, and then show T / i
the other pair is not )
parallel. /

Given: Quadriloteral EFGH
has vertices €(-4, 1), F(-1, 3),
G(5, 1), and H(-4, -5)

N

Prove: Quadrilateral EFGH is a trapezoid.

Slope: m X X,

EF has a slope of:

5-1 A

-1-(-4)  -1+4

s
3

GH has o slope of:

5-1
“4-5

L]
_0|e

{Z
3

EF ond GH have the same slope, so they are parallel.
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EH has a slope of:

5-1 /-6

“4-(-9) \ 0

The slope is undefined (it is a vertical line).

FG hos o slope of:

-3 _ 2
5-(-) 5+

L (1
b 3

€H and FG hove different slopes, so they are not parallel.

Quadrilateral EFGH is o trapezoid since it has exactly one
pair of parallel sides.
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@ CLECLYour (OLEDCE

For questions 1 and Z, use the slope formvla.

1. Given: Quadrilateral ABCD has vertices #(Z, 3), B0, 4),
€1, 0), and D(3, -N.
Prove: Quadriloteral ABCD is o parallelogrom.

2. Given: Quadrilateral WXYZ has vertices W(1, 1), X(5, 5),
Y(7, 3), and 2(3, -1).
"Prove: Quadrilateral WXYZ is a parallelogrom.

For questions 3 and 4, use the slope formulo.

3. Given: Quadrilateral PARS has vertices P(0, 5), A4, 4),
R(5, 1), and S(Z, -).
Prove: Quadrilateral PARS is a trapezoid.

4. Given: Quadrilateral JKLM has vertices J(-3, -3), K(-4, 1),

L(Z, 1), and M(], -3).
Prove: Quadrilateral JKLM is a trapezoid.
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CLECK Your QIUSWERS

y
N
Y
A
2
¢ 2 MC 8 &
=5- D
v
im=--2—h
Slope Formvula: m X, =X,
in c 45 1
AB has a slope of: b2 2
— i Al L
CD has o slope of: 3.7 -4 3

AB and CD have the same slope, so they are parallel.

AD qrira | -4 ]|
AD has a slope of: 2.7 " 7 4
BC has a slope of: T"} - %=_4

AD and BC have the same slope, so they are parallel.

Quadrilateral #BCD is a parallelogram since both pairs
of opposite sides are parallel.
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L Ax

r zv'+ 6 4
.ZL Z
N

Slope Formvulo: m = -gﬁg‘—
27 M

WX hos a slope of: 2— =
YZ hos a slope of: ——==-2-

WX and YZ have the same slope, so they are parallel.

i ek R
WZ has a slope of: 37 7 1
o 15EB [ -2 [ |
XY has o slope of: 15 "7 1

WZ and XY have the same slope, so they are parallel.

Quadrilateral WXYZ is a parallelogrom since both pairs
of opposite sides are parallel.
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N
6
P
4 .G“
2
R
¢ >
2 4 6
[
-2 s
A\ 4
cm= "%
Slope formvula: m X = X,
7S =l=b =k
PS has a slope of: 7.0 "2 )
R AL N =N,
AR has a slope of: 5.4 1 &)

PS and @R have the same slope, so they are parallel.

4 A ol R |
PA has a slope of: 220 - 3
T = A
SR has o slope of: ) 5.7 "3

P& and SR have different slopes, so they are
not parallel.

Quadrilateral PARS is a trapezoid since it has one pair
of parallel sides and one pair that is not parallel.
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S
7 <

N
I v
NT—e

\

J b M

Slope formvula: m = B2 1k

X, - X
oV =3-(-D)_{-5+3| O _
JM has o slope of: 3 - 13 " 4 0
2L -t L0

KL has a slope of: 70 " 6 0

JM and KL have the same slope, so they are parallel.

- e e e
KJ has a slope of: el 4

_3_] —ﬁ:
A

LM has a slope of:

KJ and LM have the different slopes, so they are
not parallel.

Quadrilateral JKLM is a trapezoid since it has one pair
of parallel sides and one pair that is not parallel.
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Chapter

J

TRIGONOMETRY is vsed to find
measvres in +riangles.

Trigonomefry iS from the Greek
+rigonon = +riomg|e
metron = measure

Important right triangle terms:

HYPOTENUSE the longest side

ADJACENT

O (THETH) is o Greek letter used
o represent an angle.

500

TRIGONOMETRY
the study of the
relationship between
side lengths and angles
in triangles.

OPPOSITE +he leg
that is opposite angle 6

OPPOSITE

ADJIACENT +he leq
that is next to angle 0



The trigonometric functions SINE (SIN), COSINE (COS)
ond TANGENT (TAN) ore ecach o ratio of sides of o right
friangle. Theg are vsed fo £ind vnknown angle measures or

side lengths of a right triangle.

Sine:
sin O = opposite
hypotenuse
Cosine: .
cos O = —Gd\M_ ,f.'l
hypotenuse o
’J’ i
Tangent: b e ]
tan @ - —opposite . A— J
adjacent

Remember the +rigonome+ric £functions bg usingz

SOH-CAH-TOA

Sin = Opposi+e/H9po+enuse SILLY CAT!
Cos = fidjacent/Hypotenuse

Tan = Opposite/fdjacent

SOH-CAH-TOA
Sam's Old Hairy Cot #fe His Tub Of fipplesauce.
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EXAMPLE: Find sin A cos A, z
tan &, sin B, cos 8, and tan 8. ¢ B

5
sin 4 - OPPosite Lh_ 12 13
hypotenuse 15 A
_ odjocentto LA _ 5
cos # = hypotenuse 13

__opposite LA _ 12
fon & = docent fo Z& ~ 5

. o _opposite £B _ 5
sin & hypotenuse 13

odjocentto L8 12

cos B - hypotenuse 13

__opposite LB 5
ton B adjocentto £ZB 1

SEXRAMPLE: @ find sin 22°. -
22°
sin 272° - —_Opposite % :

hypotenuse
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SPECIAL RIGHT TRIANGLES

& special right triangle is a triangle with a feature (angle or
side length) measure that mokes calculations easier or for
which formvlas exist. The two most common right riangle
measurements are:

45°-45°-90°

hupotenuse = | '\I? >
Jporenuse =1eg x RATIO OF

SIDES
All 45°-45°-90° triangles 1:1:J2

ore Similar. x

45°-45°-90° is on isoceles righ‘r +riom9le.

30°-60°-90°
60° RATIO OF
~ X SIDES
12
e \U12173
OFPOSH'Q 'ﬂf'gef' -x r OPPOSH'C Shnd“?r
angle (60%) angle (30°)

longer leg = shorter |eg X '\,?
hypotenuse = shorter leg x Z
All 30°-60°-90° +riomg|es ore Similar.
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SEXAMPLE:  Find the valve of Z

Given:

longer leg = £
shorter leg =5
Angles = 30°, 60°, 90°

) 30°

Using the ratio of o 30°-60°-90° ’rriangle,
Ionger leg = shorter leg X w/?

SINCE wWE ARE GIVEN
“LONGER LEG™ AND
"SHORTER LEG™ VALUES,
USE THIS EQUATION.
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: EXAMPLE: Find the valve of k

Given: 60°

The shorter leg = k IQ \7

The hypotenuse = 11

Angles = 30°, 60°, 90° =] 30°

Using the rotio of o 30°-60°-90° +riangle,
hypotenuse = shorter leg x Z

N=kx12

SINCE WE ARE GIVEN
“SHORTER LEG™ AND

N|—

"HYPOTENUSE™ VALUES,
USE THIS EQUATION.
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@ CHECKYou (IOWLEDCE

1. Find sin 6, cos 6, and tan 6.

C

ol

A

For ques’rions 2-5, £ind sin A, cos &, ond ton A.

12

2. q.
3 5
13
A

A

3. 3.

5
n
! A — \S
24
25 e 9

506
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For ques’rions 6-8, find the valve of x.

6 8

2

45° 45

x
1. [] 30\ 9. Find the valves of a and b.
0 8
30°
60° X 60

b

10. Coiﬂgn iS €encing o£f o section of her garden.
Whot is the Iengi-h of fence needed to fence off
the area shown?
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CLECK Your QIUSWERS

1 sin6=£,cose=i,+an9=£
c c a

2. sinh=%,cosﬁ=%,+omﬁ=%

3.sinA=Z-'—5,cosA=%—g,+anA=Z_'—4

q. sinﬁ=%‘cosﬁ=%,+anﬁ=%

5. sinﬁ=%,cosﬁ=%,+anﬁ=%

6 x=2'\,?

1. x=120

8 x=3'\l?

1. a-4b-43

10. 100 £+
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Chapter B

LAWS OF SINES
AND COSINES

The LAWS OF SINES AND COSINES ore used to help
£ind a +riangle's vnknown angle measvres and side Ieng+hs.

LAW QOF SINES

The Law of Sines relates the side leng’rhs of o non—righ’r
’rriomgle to its omgles using the sine function.

LAW OF SINES
sinA _sin® _ sinC ¢
a b c
A 0o

Lk Z£B, ond £C are
opposite a, b, and c. b
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“EXAMPLE:

Find the valve of x.

Use the Law of Sines with
ZA=42° a=10 £C =94

ond c = x:

sinf _ sinC

a (o}

sin 42°
10 ¢

X Sin 42° = 10 sin 94°

sin 94°

X

X sin 42° 10 sin 94°
sin 42° sin 42°
X =149

42

Cross multiply.

Divide both sides bg sin 42°,

Use a calcvlator. Round to
the nearest tenth.

GPP roxim dfely,
or about

510

Make sure your calculator
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To find an unknown omgle in a Jrrqorxonrw.’rnc £function
like (sin B = Z - ), use INVERSE TRIGONOMETRIC
FUNCTIONS.

INVERSE TRIGONOMETRIC FUNCTIONS: These do the

opposite of regular trigonometric functions. They are
represented as sin™, cos™, fan™.

The -1 is not an €xP0hehf.
Ifjusf indicates "oPPosife of.”

IfsinB = ? the inverse sine function is sm"( ) (3]
IfcosO=— +he inverse cosine function is cos“(%) =0
Ifton 6 = —, the inverse +angen+ £function is ton- ‘( %) =

b

If yov know the Jrlric‘%or\omej-ric rotio but not the angle,
you can vse the inverse function to £ind the omgle.

cin300 . L il 1) - 300
So, if sin 30 7_,+h<>.r\sm (Z) 30°.
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SEXAMPLE: = find the valve of x. a

8
Use the Law of Sines with P <J I
MmLP =49 p=1mLR = x°,
ond r = 8.
. : Q
sinP _ sinR R
p r
sin 49° sin x°
ST g
8 sin 49° = 11 sin x° Cross multiply.
gsin 4% ILShX Divide both sides by .
8 sin 4% = sin x° Simplif
Tl )
sin x° = 05448 . .. Use a calcvlator.
X = sin™(0.5488) Use sine inverse (sin™.
X =333 Use a calculator. Round

to the nearest tenth.

LAW QOF COSINES

When we know the Iengi-hs of two sides of a Jnriomgle ond
the measure of the included angle, we con find the leng’rh
of the third side vsing the LAW OF COSINES.
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| LAW OF COSINES

| B
ct=0r+b-2abcosC
c (the side length)
is opposite angjle C. A c
I b
EXAMPLE: Find the valve of x. A
Use the Law of Cosines with 5 ~
mZC=064°c=x a=8 ond
b="5. o4
C B
8
ct=ar+bt-2abcos C
XL =9+ 5 -7 (8)5) cos b4°
XL =4 + 25 - 80(043837) . . . Use a calcvloator.
Xt = 5393
vxt -4 5393 Square root of both sides.
X=13
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EXAMPLE: Find the valve of x.
c

20

Use the Law of Cosines with
mZLC=x%c=11,a=1 ond I
b=120.

ct=al+bt-2abcos C
1M2=11%+202-2 x 1N x 20 cos x°

289 = 121 + 400 - 440 cos x°

-232 = - 440 cos x°

131

m = CO0S X

_ L[ 232 ) . .
X = C0S 720 Use the inverse cosine function.
X=~5812 Use a calcvlator. Round to

the nearest tenth.
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& 6

For quesﬁons 1-3, use the Low of Sines to find the valve of x.
Round your answer to the nearest tenth.

v
: /\ 2.
ol

T v

21 I

i) i

G m
52°
3.
x
I

For ques’rions 4-0b, vse the Law of Cosines to €ind the valve of
X. Round Your answer 10 the nearest tenth.

WECKvour RHOWILEDEE

L

B
y, 2 5. 29
23
3l \%M
C K H’
A x
Q
x
6. \8 R
24
P
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CLECK Your QIUSWERS

1. sin a4 sin ﬂ; therefore, x = 184
71 X

2. si >4

= i L =
n 0 sin 7 . therefore, x = 314

3. sin . sin i; therefore, x = 16.3

X 13
g, xI=312+23 -2(31)(23) cos 95; x = 40.2
5. 292 =142+ 192 - 2(019(19) cos x, x = 122.3

6. x* =18+ 724> - 2(18)(24) cos 3T; x = 145
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Chapter I

CIRCLE
FUNDAMENTALS

A CIRCLE (O) is the set of all
points on a plane that are an equal

distance from a point called the
CENTER.

op

tcenfer

P°inf

We name a circle using the center point. For example:
Circle P.

PARTS OF A CIRCLE

C
CIRCUMFERENCE (C): The distonce . &
around the circle (the perimeter). &
~
§_J
CHORD: Aline segment whose a8

endpoints are on the circle.

q18



PIAMETER (d): A chord that passes through the center of
the circle. The diameter is twice the |eng+h of the radivs.
Formvlo: d = 2r

RAPIVUS (r): A line segment thot

has one endpoint on the center The terms RADIVUS
ond the other on the circle. The and DIAMETER
radivs is half the length of the UEEIans
of a circle as well as
diometer: measures.
ro b
Formula: r 7 d

Pi (x): The rotio of a circle's circumference 1o its diometer:

- circomference
diometer

Formvulo: = or x = %

Because pi's exact value cannot be calculated, we vse two
approximations:

314 when yov need o decimal

or

% when yovu need a froction
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CIRCUMFERENCE

The circumference, C, of a circle is & times the diameter.

Circomference = = x diameter < C = =d

Becovuse the diometer is twice the lengw‘h of the radivs,
yov can olso find the circumf£erence with this formvlo:

C=2xr

EXAMPLE: Ffind the circumference of the circle.
C=xd

= =(10)

= 10x Write the humber
before the pi Symbol.

10x is the exact answer.

Since = is approximately 3.14, 10x ~ 10(3.14) = 314.
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S“EXAMPLE: Find the circumference of ©OO0.

1. find the diometer using the
?9+hagorean Theorem. 12

ct=al+ bt
The diometer (d) is the hypotenuse of the triangle:
df = 4 + 122

d? = 160

d = V160

d=v160 =¥1bx10 =¥16 x¥10 =4410

2. Use the information to £ind the circuomference.

C=x

d
= 1r(4‘\l 10 )
- 42410 = 431910 ) = 397

We can vse what we know about the circumference of a
circle to £ind the measures of other parts of the circle.
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EXAMPLE: Ffind the radivs and diometer of o circle
with circomference 167.

C=2xr Diometer = 2r
1ox = Zxr
d=2(8)
r- Jox d=1To
vy
r=9

center

CONCENTRIC CIRCLES are circles
with the same center.

SERXAMPLE:  Dani and Niki are
running on a circvlar track. Dani
runs in the inside lane, 04 meters
£from the center, while Niki runs in
the ovtside lane, 14 meters from
the center. They each run one
complete lap. How much farther
did Niki run than Dani? Round to
the nearest tenth.

Find the distance each qirl ran
(the circumference of their track)
and subtract.
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Step 1: find the distance Dani ran.

Dani's distance is the circomference
of a circle with radivs 64 m.

C=12xnr
= 2x(64)
= 128x (= 402.1 m)

Step Z: find the distance Niki ran.

Niki's distance is the circumference of a circle with
rodivs 14 m.

C=12xr

= 2x(14)

= 148x (= 4649 m)
Step 3: Subtract.

148x - 128x = 20x = 6Z.8

Niki ran approximately 6Z.8 m more than Dani.
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CPERAMPLE:  The circumference
. 0f OLis 42x, FG = 4, and HI = 6. ‘
~ Find the circumference of OF. v

. To €ind the circumference of OF we need to know FH, which
meons we need to first find GH.

\We can find GH using O1I (since we know its circumference).
- Step ! find GI, vsing OT.

I C=12xr
I C=42x
. 42x=2x x GIL radius of OI

42x _ LxxGL
1x 7

Divide both sides bg 2x. (The ='s will
concel ovt)
I GI=17

. Step Z: find GH. I

. GI=GH+HT
L 21=GH+0
L GH=15
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~ Step 3: find the circumference

- of OF. A

. The rodivs of OF is:
L FG+GH=4+15=19

. The circumference of OF is:
| C=12xr

= 2x(19)
= 38x




1. Name the center, o radivs, o
diometer, and a chord in OC.

2. Find the radivs and diometer of
o circle with circuomference 51x.

3. Find the circomference of the circle.

4. & haomster wheel has a 5-inch
diometer. How many inches does
the hamster travel per revolution
(one complete turn)? Round to the
nearest tenth.
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5. The circumference of the larger
circle in the concentric circles
is 5Zx. Find the circumference of
the smaller circle.

6. Ovtdoors, keisha's pupil has
o circumference of 3z mm.
She walks indoors, and the
radivs of her pupil widens
by Z mm. What is the new

circumference of her pupil?

Use the image below for
clues‘rions 7 ond 8.

The circumference of OP is
1o and P& = 6. ‘
7. Find QR.

8. Find the circumference of OS i€ RS = 3.
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CLECK Your QIUSWERS

1. Center: C, radivs: CX CY or CZ, diometer: XZ,
chord: YZ or X2

_i =
2. r-= Z,d 51

3. d2-6*+3 sod=-v45 =245
C=xd=3V5 m=~211m
Y. C=xd =5 =157 in.

5. Larger circle:
C=12xnr
blx = 2xr
r= T 26
Smaller circle:
r=2-4=1212
C=2xr =2x(22) = 44x =~ 138.2
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6. Ovtdoors:
C=12xr
3% = 2xr
_o®
= 1.5
Indoors:
r=15+2=35
C=2xr =2x(35) = Tx mm = 22.0 mm

7. C=2xr
1ox = Zx x PR
1o

PR=T -8

GR=PR-PR=8-6=2

8. BS=QR+RS=2+3=5

C=2x X QS = 2x(5) = 10x ~ 314
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Chapter 18

CENTRAL
ANGLES AND ARCS

A CENTRAL ANGLE is an angle that has its vertex on the
center of o circle. The segmen+s €orming the central ang|e
are rodii of the circle.

An ARC is o part of the circumference. \We name an arc by
its two endpoints under a — symbol: 48

# SECTOR is o “slice" of
the circle.
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The MEASURE OF AN ARC is equal to the measvre of its
central omgle.

MZLPOA = 62° so mPA = 62°

m PR is read os "the measure of
arc Par

In on entire circle, the measure
of the central angle is 360° and
the measvre of the arc is 360°. agen

An arc that is 180° is o
SEMICIRCLE. A

half a circle

mADS = 180°
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MINOR ARC: smaller than o
semicircle (less than 180°)

MAJOR ARC: larger than a
semicircle (9rea+er than 180°)

The minor arc is #8 and the mojor arc is ADB.

Always use 'l'/aree
letters to name a
hnajor arc.

Since the measvre of a circle is 360

Central angles # minor arc and mojor arc of
equal 360", the same circle add to 360°.
XT+ Y+ 2° = 360° m#AB + mADB = 360°
B
A
D
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EXAMPLE: = Ffind mXzY

Y
Since the measure of an arc 12°

is equal fo the measure of its o)
central angle,

mXY = mZXO0Y = 12°

Ne®

The minor arc and major arc add to 360°, so:
mXY + mX2Y = 360°

12° + mX2Y = 360°

mXZY = 288°

ADJACENT ARCS ore next to each other. Theg shore
one endpoint.

l ARC ADDITION PUSTOLHTE

N

The sum of two adjacent arcs equals
the total arc.

mAD = mAB + mBD
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SEXAMPLE: KN is o diameter of OP Find LN.
Since ELN is o semicircle, mELN = 180° K L
From the #rc Addition Postulate, w
mEL + mLN = 180°
mZKPL + mLN = 180° N
37° + mLN = 180°
mLN = 14%°
ARC LENGTH

ARC LENGTH is the length of an arc (the distance from
endpoint to endpoint).

Two arcs con have
the same measvre bvt 5 &. Y cm )

different Ieng’rhs.
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| Two arcs con have

. the same length but
2.5cm

| different measvres.
2.5cm

frc measvre is equal to the measvre of
the central angle.

Arc |eng+h iS o fraction

B* of the circomference.

CONGRUENT ARCS ore arcs that have the some measvre
ond are in the same circle or congruen’r circles.

Two circles are congruen’r i€ Jrheg have the same radivs.

CONGRUENT ARCS CONGRUENT CIRCLES




ARC LENGTH FORMULA 9
To colcvlote the ARC LENGTH (£) of a sector ‘A
with central omgle X°, use this formula:

/- 3bO X 1xr

Calculate the formula by writing a proportion that compares
a portion of the circle (o sector) to the whole circle.

27tr
LN
/)

arc angle
sector— / __X
Zxr 3060

who'e circle

The measure of an arc leng’rh is eclual to the measvre of the
central angle divided by 360 and multiplied by Zxr:

measure of the central angle
360

meosvre of the arc leng’rh = X 1xr

Z'%XZ‘M’
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EXAMPLE: Alexandra
swings on o tree swing with
o rope length of 5 feet.

I€ she swings +hrough on
omgle 0f 120°, what is the
distance she swings?

The len9+h she swings is = = x 1xr
the arc leng’rh of o sector
with central om9|e 120°.

_ 120
Use the arc length =260 x 2x(5)
formvlo with x = 120
ondr =5,
Alexondra swings 105 feet. = 9% 105
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WECK vour (LHIOWLERCE

1. Name the mojor arc and 3. Find mELM.
minor arc of OQ. L
R
M
. 27
K

2. Find the measure of Z.x. 4. ADis a diometer of OC.

find m8D
B

5. For parts A and B, tell whether each statement is true

or false. B C
8
e B e as D
A' ﬁE il (':_D\ A e
B.CD =z D¢ q
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. Find the length of VW .
Round your answer to Y A\

the nearest tenth.

. Find the len9+h 0§ LMN. 21 oM

. Find the length of LG

. Javier has a circvlar garden
with a radivs of 9 feet. He is
placing a stone border around
0 quarter of the circumference
(an arc of 90%). How many feet
of stone will he need?
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CLECK Your QIUSWERS

1. Major arc PSR (or RSP), minor arc PR (or RP)

2. x=061°

3. MEM + mELM = 360°
151° + MELM = 360°
m KLM = 209°

Y. mBD - 48°

5. A. False. The arcs must have the some measuvre AND
be in either the same circle or congruerﬂ- circles.

B. Trve. The arcs have the same measure and are in
the some circle.

L

6. Length of VW - 5= x 2x(16)

87

< f=50¢
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180

1. Length of [MN - 352 x 2x(105)
2 _
- Bx 330
8. Length of LG = 12 » 2x(0)
360
- 4x ~ 126 in.
9. Lenath of stone border = —12- x 2x(9)
- Leng 360
.
- X g
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IT'S JUST ANOTHER
UNIT FOR ANGLE MEASURE.

LIKE MEASURING LENGTH
IN FEET INSTEAD OF METERS.

THE RADIAN

Another way +0 measure
angles is using RADIANS (rod).

One radian is the measure

of a central angle that has
an arc length that is equal

to the radivs.

ARC LENGTH

arc length = radivs (r) 4)
A

mZ0 = 1radioan
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Since C = Zxr, we know that there are Zx radii in the
circomference of a circle.

In a full circle, there are 2= radians.
2Zx radions = 360°
= radians = 180°

80 53
T

1 radion =

| Common Radian Measures

| T rad 20° - l‘Gd Y45° - rud = 60°

7 rad = 180° 27 rad = 260°
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CONVERTING DEGREES
AND RADIANS

180°

To convert radians to degrees, multiply bg

To convert degrees to radians, multiply by ﬁ

EXAMPLE: Convert 30° to radians.

Multiply 30° by .
) x
30" X g7
0x _Ix _ x
180° 6 6
SEXAMPLE: Convert BT" to degrees.
Muttiply 2% by 122
1 90
Z BT 3. 90 - 210

1 1
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@ CLECLYour (OLEDCE

For quesﬁons 1-5, convert the FoHowing measvres 1o radians.

1.

180°

330°

15°

45°

no°

For Ques’rions 6-10, convert the Following measvres 1o degrees.

10.

ST“ rod

ANSWERS
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CLECK Your QIUSWERS

6. 150°
1. 30°
8. 2710°
9. 240°

10. 15°

B L [




Chapter 40
ARCS AND CHORDS

A CHORD divides a circle into major and minor arcs (unless

the chord is o diameter). A arc of
'l’Ae Clsord
The minor arc is called the 4
ARC OF THE CHORD.
B

Chord A8 has arc AB.

THEOREMS ABOUT CHORDS

In a circle or in congruent circles,
congruent chords have congruent arcs.

If PA 2 RS, then PA ¢ RS.

The converse is also true:
If PA < RS then PA 2 RS.
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In a circle or in congruent circles,

congruent chords are equidistant
from the center.

I§ AB 2 (D, then €6 = fG.

The converse is also trve:
I£ €G = FG, then AB 2 CD.

If a diameter is perpendicular
to a chord, then it bisects
the chord and its arc.

I€ ACL 8D then BF2 FD
ond BC2 CD.

The perpendicular bisector of
a chord is a diameter.

I¢ ACis o perpendicular
bisector of 8D, then AC is
o diometer of OE.

948
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EXAMPLE: In OT.ma@r-=111
and mSP = 3%°

find mPQ and mRS.

Since congruent chords (P& and
RS) have congruent arcs: P

RSz PR oand mRS = mPQ
The arcs in a circle add to 360°, so

MPA + MAR + MRS + mSP = 360°

MPAR+ 1T + mPA + 33° = 360° Since MRS = mPA and

mSP = 33°
mPA + mPA = 360° - 117° - 33°
2 x mPA = 150°
mPA& = 15°

MRS = mPA& = 15°
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SEXRAMPLE: © Find the length of il
STand UVin OW.

Since ST and UV are equidistant

to W, they are congruent and hove S/
equal measvure:

ST =0V

M+10=bm-12

12 =5m

m-=4

Therefore, ST =3m+ 10 =3(4) + 10 = 22 Since ST = UV,

we khOw our
calculations

W=m-2=064)-2=122 are correct.
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SERXAMPLE: Find the valve of x.

We know IL is o diameter of the
circle since it is a perpendicvlar
bisector of KM,

Since diameter IL is perpendiculor
to JH, it bisects arc HJ:

TH=TJ
mIH=mIJ
X=39°
EXAMPLE: Find the valve of xin OF.
Since we know mEH = mZEFH, then
MEH = 58° which means EHond TJ

ore congruent

Since congruen+ orcs have

congruen‘r chords,

EHz T
el = T
X =1
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WECK vour (LHIOWLERCE

1. Find the valve of x. 4, find mWXand mYZ.
a3’ Y
X
L4
W 2r z
2. Find mZLBEC. 5. Find cif WXz YZ
B X
Y
N
C
A D
81° VA
3. Find the valve of x. €. The length of GJis 1.
Find the length of HI.
H
113° I
13°
G

452



7. Find the valve of x. 9. Find mZA€C.

B

J g
D

A

8. Find the len9+hs 0§ NR and 10. Find the valves of x and Yy
RPif NP = 31, so thot FHis o diameter of
(ON}

5 H

ANSWERS 453



CLECK Your QIUSWERS

1. x=5m
2. mZLRBEC = 81°
3. 2x+ b = 5x - 18; therefore, x = 8
4. mWX=120° mYZ = 120°
1

5. 4c + 23 =13¢c - 10, therefore, c = =5

7. 3x + 45 = T1x + 13, therefore, x = 8

.2 op. 3
8. NR= Z,P‘P 7
9. mZAEC = A6
1o.x=°IO°,y=3
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An INSCRIBED ANGLE is formed by two intersecting
chords with a vertex on the circle.

The INTERCEPTED ARC is the part of the circle that is
in the interior of the inscribed omgle.

The measure of an inscribed
angle is half the measure of mZLA =
its intercepted arc.

‘I P—
7 mBC

A

C
B B

i ibed |
thscribed angle inferce,;fed arc
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If two inscribed angles have the same intercepted
arc, then those angles are congruent.

: - A D
mZLA = 7 mZ 8C

mZLD = % mZ.8C
mZLA =mZLD B C

7

ZA2eZD same inferceFfed arc

/ An angle inscribed in a semicircle is a right angle.

N
B
1 N A
mL® = L mADC
- 1 (180°)
7
D

Q0°

456



"EXAMPLE: Find mZAPR, with P the center of the circle.

R
mZS = % MmAR
2 - L mar
yA
mQAR = 158°

Since the measure of arc @R is equal to the measvre of its
central angle Z QPR:

mZLAPR = 158°

»EXAMPLE: Find the valves of x, mZNEM, and mZNLM.

Since £k and ZL are inscribed ‘—
\/
M

angles with the same intercepted
arc WM:

k2 /L
mZk=mZL

1x=x+120
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X=120

MLK = 2X° = (2 x 26)° {52° Since mZK = mZL,

we know our calculations

mZLL = (x + 26)° = (26 + 26)° £ 52° are correct.
An INSCRIBED SHAPE is inside another shope, just
touching the sides.

The Jrriouhgle iS inscribed
in the circle.

CAQ vertices are on

the circle.

If a quadrilateral is inscribed in a circle, then its
opposite angles are supplementary.

Zf and ZC are supplementary

A
Z % ond £D are supplementary.
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SEXAMPLE: A necklace charm has
o shape of a quadriloteral inscribed
in a circle. Find mZVU oand mZV.

Since the quadrilateral is inscribed
in a circle, we know opposite angles

are supplementary:

mZV + mZ\W =180°

(ﬂy +3)+ (1Zy -12) =180
21y -9=180
219 =189
Y= 9
Since 84° + 96° = 180°

we know our calculations

MZU = (€Y +3F =@ x 9+ 37 {84 | are correct

mL\W = (12y - 12)° = (12 x 9 - 12)° < 96’
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& G

WECK vour (LHIOWLERCE

1. mZLABC = 105°. Y. Find the value of x mZ®,
find mCDA and mZC.
<
7 \ " s,
D
A
B A
2. Find mZIMk. 5. Find mZA.
A 20°
J
K
3. Find mZ£L2. 6. Find the valve of x.
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7. find mZA mZLB,

ond mZC.
C
B
A

9. Find the valve of x.

(6x+|o)'l

10. Find mZ£LE€ oand mZLG.
E

ANSWERS 961



CLECK Your QIUSWERS

1. mCDA = 210°

2. mZLIMEK = 66

3. mZL2Z =49

Y. 5x-1=12x+47, therefore, x =10, mZ® = 19° mZC = 19°

5. mLA=90°

6. Bx+3)+(@x-9) =190, therefore, x =9

1. mZLA =45 mZLB =90° mZLC = 45°

8. MmZLG = 65 mLH = 8%

9. (Ax - 10) + (bx + 10) = 180, therefore, x = 12

10. mZLE = 90°, mLG = 90°
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Chapter HZ
TANGENTS

# TANGENT is a line,
segment, or ray that
intersects a circle

in exactly one point (called
the POINT OF TANGENCY).

4C DE and FH are tangent
to OP

B, D, and G are the points of tangency,.

Two circles have
o COMMON TANGENT
i€ a line is +angen+

to both circles.

Line Zis o common tangent of OA and O8.
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Circles can have more than
one common +angen+.

OA and OB have four
common +angen+ lines.

Aline is tangent to a circle if and only if it is perpendicular
to the radius drawn to the point of tangency.

4

ACis tangent to OO0 if and
only if (i€§) 0B.L AC

Tangent segments from the same point outside
a circle are congruent.

I€ AB and AC are tangent
to OO0 ot points B and C,
then AB 2 AC
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» EXAMPLE: Determine if QRis
o fangent to OsS.

I SAL AR then ARIs o tangent. S
We con vse the ‘Pg‘rhagorean
Theorem to check if ASGR is o

P 16
righ’r Jrriour\gle.

N

1. Find the length of SR h

SP =12, since it is a radivs
of the circle. #ll radii of a circle are
congruen‘r.

SR=SP+PR
SA=1,s0SP =12
SR=12+8=20
2. Check if ASGR is a right triangje:
o+ bt = ¢t

SQ? + QR? = SR?

122 + 16* = 70
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144 + 756 = 400
400 = 400 V.

Since SA? + QR = SRZ, ASGR is o right friangle and
SAL AR

Therefore, QR is o tangent to ©s.

EXAMPLE: Find the valve of x

a |

given thot PR ond @R are tangent P

to circle 0 ond M£Q = 115" o
o X (

Since P& and @R are tangent to R

circle 0, 0P.L PR and ORL RA.
Therefore, nZP = 90° and mZLR = 90",
Since the sum of the measures of a quadrilateral equals 360°, -
mZLO + mLP + mLA + mZLR = 360°
X +90 + 115 + 90 = 360

X+ 295 = 360
X =065
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FG and FH are tangent o OI.

.~ Find the valve of x.

~ Since FG and FH are tangent to
- OI, they are congruent.

 FG = FH

| 3x-9=x+1]




& G

For questions 1 and Z, stote whether the pairs of circles
hoave o common +angen+ line. If so, state how many common
+angen+s +he9 hove.

e
&

For ques’rions 3 and 4, determine whether AB is +angen+
to OP

WECK vour (LHIOWLERCE

3, y.
\\/\.A
C
¥ ) 9
7 . <36
B
A ;
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For ques’rions 5-10, find the valve of x. Assume segmen’rs thot
oppear tangent are fangent.

5.
20
l\ x
'3
18
X
T 11

ANSWERS 969



CLECK Your QIUSWERS

1. Yes, 3

2. No

3. No, 1%+ 9% = 112

4. Yes, 10% + 24* = 26*

5. 207+ 15 = x%; therefore, x = 25

6. x*+ 7" =18% therefore, x = 10.6, approximately
7. x+55+90 =180, therefore, x = 35

8. x+90 +130 + 90 = 360, therefore, x = 50

9. 2x-15= x+ 1, therefore, x =22

10. 4x - 12 = x + 9, therefore, x =1
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Chapter 63
SECANTS

# SECANT is a line that intersects
a circle at two points. /

v oP
Line Z is a secant of (014
| When two secants intersect inside
| a circle: Y
/
| The measvre of the angle thot is ‘
| formed is equal to one-half the
| sum of the intercepted arcs.
v
l = i (XO + O)
7 Y
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\When two secants intersect ovtside o cnrcle

The measvre of the angle that is
formed is eqpod to one-half the
difference of the for arc less the
near arc.

] o (-]
T(X —y)

ALSO TRUE FOR:
A SECANT OR TANGENT TWOo TANGENTS

“EXAMPLE: Find the valve of x. /
Q

MZLATR = %(m‘?@+ MAR)

3= %(X + 41) intersection

inside circle

62 = X + 41

x=15°
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SEXAMPLE: Find mZA.
First, §ind mBCD:

mBCD + mBD = 360° (from
the Arc Addition Postulate)

mBCD + 135° = 360°
mBCD = 225°
Then §ind mZA:

mZA = %(mB’CTD\— mBD)

- intersection outside circle

-I -] ]
7 (225° - 135°)

] o\ _ o
Z(“10)—45
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When secants and tangents intersect, their
segment lengths have special properties.

a

o\ b /¢ o

[d
d
d d
\/b \ ]
secants intersecting secants intersecting tangent and secant

within a circle outside a circle intersecting

axb=cxd ax(a+b=cx(c+d) at=cx(c+d)

EXAMPLE: Find the valve of x.

Useax(a+b=cx(c+d)

55 + x) = 4(4 +12)
25 +5x =16 + 48

bx = 39
.1
X=

974



& CLECCYow CIOWLEREE

For quesﬁons 1-b, find the valve of x. Assume thot segmen‘rs
that appear tangent are tangent.

1. [\‘N" g,

x° ;
180°

x®

2|4

ANSWERS 475



CLECK Your QIUSWERS

1 x-= %(30 + 180); therefore, x = 105°

2. 98 - %(x + 85), therefore, x = 1IT°

3. 180 - x = %(5@ + 102); therefore, x = 101°

§. x-= %«01 - 22); therefore, x = % - 195°

5. 33 - %(x - 43), therefore, x = 109°

6. x= %(214 - 146), therefore, x = 34°
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# circle can be graphed on a coordinoate plane, using the
coordinates of its center and radivs.

WRITING AN EQUATION OF
A CIRCLE WITH CENTER (0, 0)

The equa’rion of o circle with its center ot the origin ond
rodivs r is:

Xz+yz=rz 5

X

Center: (0, 0) ¢ / 7\ 3
\ _2\ JZ 4

Radivs: 2

Equation: X%+ y? = 4 s N4

977



This eqyaﬁon con be reached using
the ‘Pg’rhagorean Theorem.

/yx
For any point (x, y) on oy
the circle, / >\T
¥
¢ 1 3 x

r/

!

XL+ yz = rt (Pythagorean T —x—>
Theorem)

A\ 4

The circle is the shape
formed by all (x, y) points
where x% + y* = r’ is frve.

WRITING AN EQUATION OF
A CIRCLE WITH CENTER (b, k)

If o circle's center is not
ot the origin, vse the
standaord form eqya’riom T

nyfmgorean Theorem

A 4

The center is (h, K ond
the radivsisr.
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EXAMNPLE: Ffind the equation of /

N
the circle. X
) 3
Center: (Z, 1) @0
¢ 3 \ | ] ?x
Radivs: 3 2\/
WV
. 32
€quation: (x-2F+(y-102=19
y
The equation for a circle with T (%,y)
center (h, K and radivus r con be * A
taken from the Pythagorean )
Theorem: L 11
| 7 X
-2 2 4
Drow o righ’r +riangle using 2
o radivs of the circle as the N/}

hypotenuse.

The leng+h of the horizonal Ieg of r
the triangle is: x - h. y-k
-
x=h

The leng‘rh of the verticaol leg
of the +riangle is: y- k

Using the 'P9+hagorean Theorem,

(X = AR+ (Y - k) = 12
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EXAMPLE:  Find the equation of the circle with
center (-1, 2) and radivs 4.

Drow a right triangle using ’l‘
o rodius of the circle as the (x,y)
hypotenuse. Label the endpoint n j "
y_.

of the radivs (x, u).

e radivs (x y) (-\,Z)Axu
The length of the horizontal ¢ ™
|eg of the Jrrion'\gle is: \l,
X-(-D=x+1

The lenc3+h of the vertical leg of the +riangle is: y- 2.
Using the ‘Pgi—hogorean Theorem,
(x = (-M)F+(y-2)7=4

(x+ D+ (y-2%=1  Simpliy

To graph the circle above:
Step 1: Groph the center point (-1, 2).
Step Z: Groph four points using the radivs.
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The radivs is 4, so count 4 units up from the center.
Plot point (-1, 6).

y
R .
epeat counting 1.6) T
4 ynits down (-1, -2), e
righ+ (3, 2), and left
(-5, 2) £rom the center.

0(-52) o |2 *(3,2)
-1.2)
Step 3: Use a compassto ¢———— - > x
connect the points.
® -2
1.-2) ¥

. You can also plot the center and one
- additional point 4 units away from
. the center. Then vse your compass fo

-

. drow a perfect circle.
CENTER

CONVERTING TO
STANDARD FORM

unod-ions of circles are not alwags in stondard form.

\We vse the process of COMPLETING THE SQUARE to rewrite
equa’rions in standard form. Then we can €ind the center
ond radivs more easilg.
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Completing the square is an algebraic process where a
quadratic equation is rewritten as the sum or difference
of a perfect square and a constant.

Completing the square for x* + bx + 4 =0
XL+ bx+4=0

Step 1: Add/subtract so x-terms are on the left and
constants (numbers withovt the x) on the righ‘r.

xXt+lbx  =-4

Step 2: Divide the number in front of x (x-coefficient) by Z
and square it. Add that number to both sides.

XZ+(°X+@ =-4+@
T 1

) ()

Step 3: Simplify and write as a square (factor if).

(x+32=5

T

o
2
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SEXAMPLE:  \Write the following equation in standard form.
x2+yz-8x+4y-1(o=0

Since this equation has both x's and y's, we will complete the
square for each variable.

Step 1: Get constants on the right.
Xte Yyt -8x+4y =10

Grovp x-terms and y-terms together.
Xt - 8x + Y4y =10

Step 2: Divide the number in front of x by Z and square it.
#dd it to both sides.

XZ‘SX+@ +y1+4y=1(o+@
Dy
7]
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Divide the number in front of Yy bg 7 ond square it. Add it to
both sides.

xz—8x+1(o+y1+4y+r_£| =16 + 16 +[ 4]
i z
(2]

Step 3: Simplify and write as squares.

(x =4+ (y+ 2)" = 36
8 4
yA yA

The center is (4, -2).

The radivs is 6.

- 48y



& CLECKYouR LOWLERCE

For quesﬁons 1ond Z, £ind the center oand radivs of the
given circle. Then drow the groph.

1 xt+(y-3)F-=19
2. (X+Z)Z+(y+1)7-=1

For qpesﬁons 3-5, write the equaﬂon of o circle with the
given information or groph.

3. Center ot the origin, rodivs 9

4. Center (-5, 8), radivs 6

Y
3. (N

/N
'

N

N

g

o

MORE QUESTIONS 485



For questions b and 71, complete the square in the equation.
6. xL+8x+5=0
7. X:-14x-8=3
For quesﬁons 8 ond 9, write the equa‘rion of the circle in
stondard form. Then find the center and radivs and drow
the groph.

8. x1—2x+y1+23—14=0

9. x1+yz—(ox—4y+°l=0
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CUECK Your QISWERS

1. Center (0, 3), rodivs 3 2. Center (-2, -1), radivs 1 gg//
y

YN
I+
A 3
5 2
iy |
ya AN
2 S -4-3®| T2 5% 0
2 -1
\ =2
yi AN -
N 3 -2 - | 2 3 4 ?% T
2y i
. N/
3. xt+ yz = 81

9. (x+ 5P+ (y- 87 =30

5. (x- 27+ (y+ =16

MORE ANSWERS 487



6. (x+42=1
7. (x- =60

8 (x-1+ (y + 1% =16,
center (1, -1), radivs 4

Y
N
is
3
2
|
(_-3-2-| |23.+56'X
A
2
-3
4
\Il-s
9. (x-3Fe(y-20-4,
center (3, 2), radivs 2
Y
N
5
y
3
2
|
<»3-z-l L 2 3 8 5 6 7%
-
-2
4

488






Chapter &Y

AREAS OF
PARALLELOGRAM
AND TRIANGLES

5

AREA OF PARALLELOGRAMS

AREA (A) is the amount of space inside a two-dimensional
object. firea is written in "units squared” or units”.

AREA OF & FIGURE is the number of oft
equal-sized squares that the fiqure
! ? 2 3t

encloses.

An areao of 18 square £feet means thot 18 squares, eoch with
on orea of 1 foot* can fit inside.

The area of a parallelogrom is the A = base x height
length of the base times the height. or
(This formvula applies to rectangles, & = bh

rhombuses, and squares, t00.)
490



The formula for the area of a parallelogram is the some os the
formula for the area of o rectangle becavse it is made vp
of the same parts. If we franslate the shaded triangle in
the parallelogrom to the right, the parallelogrom becomes

(o} rec‘rangle.
h /_> /’_Ih
-

b b

The base of the parallelogram is the length of the rectangye,
and the height of the parallelogram is the width of the
rectangle. The rectangle's area is:

A =1lw =bh

Find the height of a parallelogrom by drawing a perpendicvlar
line from the line that contains the base to the line that
contains the opposite side. This can be inside or ovtside the
parallelogroam.

HEIGHT
HEIGHT
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EXAMNPLE:  find the area of the parallelogram.

Since o perpendicular line is drown from A€ to 8D
use A€ as the base and EC as the height.

A = bh
=14 x7=-98
e e

A - 98 2

*ERXRAMNPLE: ' Find the value of h in the parallelogrom.

The area of this
parallelogram can be '8 h™~ hs
expressed by: -

Using base =12 ond heigh‘r =15 OR
Using base =18 and heigh+ =h

|2 ~
5
__O

592




Since the area is same no matter what method we vse:
Areo = Area

bh = bh

12 x 15 = 18h

h=10

AREA OF TRIANGLES

In order to calcvlate the area of a triangle, multiply % by
the length of the base times the height.

1 .
A=7-base-helgh‘r

_ 1. _bh b = base
=g bh A= T Reight

The height is the length of the perpendicular line drawn from o
vertex to the base. This con be inside or ovtside the +riomg|e.

N2 N
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If you cut a rectangle in half diagonally, the area formed by the
remaining triangle is only half as large as the area of the original
rectangle—that’s why the formula for the area of a triangle is:

A:ﬁoth h ///

-~

SEXAMPLE: Find the area of the triangle.
_bh.
fr= 7

A~ (18)2(20) _ 180

20 mm

18 mm

EXAMPLE:  Ffind the area A 7in. 8 10in.

T s
of the +riomg|e. I
I
I 10J2
Use AC =17 for the base and lyse
8D for the height
D
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We can €ind the length B 10in. .

8D by using special right | v/
triangle 45°-45°-90"

10d2
The legs are congruent, so: - /
8D = BC
8D =10 in.

Now we have all the informotion we need 1o £ind the area,

_oh
A A
pe D00 g
A=85in?
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@ CLECCYouR GIOWLERCE

In questions 1and Z, £ind the area of the parallelogroms.

12 f1 5in. ~ Yin.

Oi

3. Ray puts force on a rectangular frome fo attempt
to move it, but instead he distorts the shape into a
paralielogrom. What is the area of the parallelogrom?

77§

12 f1
INITIAL FRAME DISTORTED FRAME

Hint: The side lengths do not change but the height
does. Use special right triangle 45°-45°-90° to find the
height of the parallelogrom.
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In questions 4 and 5, find h in the parallelogrom.

y ! 5.
a2 20 ft
H 10 £+
th
8 | )
\ //
\
o7 e
5 ot

1.
¢ L2
< |
% ~ <
& |
\/q/ ee;b\ N v '
r
30 cm l6mm  10mm
8.
Um 3m
e

ANSWERS 997



CUECK Your QSWERS

1. (Use the formvla A = bh = (12)(6).);, 12 £+

2. (Use the formula & = bh = (10)(4).); 40 in.2
3. (Use the formvula & = bh = (12)(7).);, 84 £+

4. (Use the formvla & = bh = 5(6) = 30. Then svbstitvte 30
bock into the equa’rion to €ind the valve of h. 30 = 8h.), %

5. (Use the formvla & = bh = 12(10) = 120. Then svbstitvte 120
into the equod-ion to £ind the valve of h. 120 = 20h.); 6 £t*

6. (Use the formvla A = ] = —(22)(26).); 286 cm?

1
z

7. (First €ind the hengh’r of the +nomgle 16% + ht = 20%, so h = 12.

Then vse the formvla & = i bh = —(1(p 10)(12).); 156 mm?

8. (Use the formulo & = % bh = %(4)(1)) 14 m2
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7. 7

POLYGONS

AREAS OF TRAPEZQIDS

In order to calcvlate the area of a trapezoid, vse
the formula:

‘A’ = 2]-_h<b-| + bz)

h = height (the distance between the two bases)

b.
: b, and b, are the Ieng’rhs of the
h| two bases (the parallel sides) in
i1 any order
b,
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EXAMPLE: Find the area of

the trapezoid. Win.

~_G

A= ho,+ by

N

21in. 4 in.

- L1 ) = 1925

N

A =1925int

SEXAMPLE: ' find the area of the trapezoid.

A 1 B

mgE - — -
opb-—-—-

Step 1 Find the height, A€.

Use AAEF and the ’Pgm‘hagorean Theorem to £ind heigh+ AE.

az + bZ = CZ Or use nylsagorean friP’es.

FEZ + AEL = AF?
B + ht = 137

h? = 144

h=12
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Step Z: find the length of the bases.
AB is one base, S0 AB = b, = 1.

FCis the other base, but we need 1o find €D in order to
know the length of FC.

ABDE is a rec+angle, therefore, AB = €D. Opposite sides of
a recfangle are

— equa' in ’eng'Hm.
FC=F€ + €D + DC

FC=5+1+5
=1
bz=1-|

Step 3: find the area.

A= h(b1 + bz)

i
]

1
7 a2)(2 + 17)

1
7 (1224
- 144

The area is 144.
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AREAS OF RHOMBUSES
AND KITES

To €ind the area of a rhombus or kite, use this formula:

= % d]dz

di and d; are the lengths of the
two didgonals (in any order’)

5 <

EXAMPLE: Ffind the area of the rhombus.

Lad,

h=2

1
T((o + 0)4 + 4)

1
7 (12)(8)

- 48

The area of the rhombus is 48 in.Z.
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"EXAMPLE: A large kite is
being decorated with roses

. 5
for a float in a parade. 2 £4 Hm £t
I£ 50 roses per square foot
are used to decorate the float, 5ft
how many roses are needed
for the kite?

First, find the areo of the kite.

# = —-dd,

1
z

1
7 (13)(10)

"

1130
= 65
Area of kite = 65 £t
Now we can £ind the number of roses needed.

30 roses

65 FF( o ) = 1950 roses

1950 roses are needed to decorate the kite.
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AREAS OF REGULAR POLYGONS

Use this formula fo £ind the area of a regular polygon:

1
f=—0aP
/A
a = length of the APOTHEMN,
—— the perpendicular distance
f from the center to a side
TS| P = perimeter,the sum of
all congruent. the lengths of all the sides

EXAMPLE: find the area of the regular heptagon.

A regular heptagon has 7 congruent sides.

Since the heptagon has 1 sides thot
S are all b cm, the perimeter is:

P =10 cm) =42 cm
or6+6+6+6+6+6+6 =142
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Apothem = 6.2 cm

_ 1
A= 7 oP

- ;—«0.2)(42) - 1302
A = 130.2 em?

If the apothem is not known, try using trigonometry
to find it

EXAMPLE: A board gome
is in the shape of o regular
hexagon. What is the area
of the board if the length of
each side is 10 inches?

A regular hexagon con be
divided into 6 congruent
friangles. The central angle
of each is 60O°.

360° = 6 = 60°
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The apothem divides this
eqpila’reml +riomgle into two AR
30°-60°-90° +riomg|es.

Not every polygon will divide to
this triangle. This is specifically A T4
for regular hexagons. —5in.—+— 5in.—

We vse special right friangle 30°-60°-40° to find
the apothem.

o 30°-60"-90° triangles have
2% g side rotio of 1: 293

30

x[3

Ionger |eg = shorter leg X ‘\IS_

a=5x1/?in.

The apothem is: a = 593 in.
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The perimeter of the hexagon is:
P = 6710 in.) = 6O in.
Now we have all the informoation we need to £ind the areo:

A= oP

1
yA
- %(5«/? in)(60 in)

- 150¥3 in? ~ 2598 in2
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1. Find the area of the trapezoid. (Hint: Use the Pythagorean
Theorem to £ind the height)
24 8
»>

WECK vour SHIOWILEREE

12ft

2. Jessica is painting the wall o€ her room, which is in
the shape of the isosceles trapezoid shown below.
She bought one gallon of paint, which covers 400 feet”.
Jessica plans to paint two 1o §4
coats on her wall. Does she
have enough paint? 154+

3. Find the area of the rhombus.

Toam

1| mm I\ mm

Tmm
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4. Find the area of the kite. V

5. & boker is baking a giant cookie
in the shape of a rhombus. What
is the area of the cookie if the
length of one side is Z1 inches
and the length of one diagonal
is 34 inches? Round to the
nearest square inch.

8. Mishal is paving her reqular
hexagon-shaped patio shown
below. The stone she is vsing
is $3.15 per square foot. How
much will she spend on the
stone to repave her patio?

Round to the nearest cent.
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CUECK Your QSWERS

1. (Use the formvla 22 + h = 5% 50 h? = '\I 21 .

Then vse & = ;—h(b, by - ;—wl 71 (8 + 1))
10‘\‘ 21 £+ =458

2. Yes (The areo of the wall is 126 £+)

1d4aq,- ;—(1 ¢ T+ M, 154 mm?

3. (Use the formvula A = 7

4. (Use the formvla A = ;—dldz = ;—(5 +5)(4 +18)); 10 in2

5. (Use the ‘P9+hagoreom Theorem. 212 = x% + 172, x = '\I 152.
Then 4 = ;—dldz - ;—(34)(21/152).); 4192 inz

6. (Use the formula = ;—a - ;—(21 8)(8)(23)); 2.5516 cm?

7. (Use the formvula A = ;—a 1—(‘1 6)(5)(14).); 336 m?

N

8. - - 71_—«94_ )(12) ~ 37412

1op
7

Total cost = total area x cost per square foot
= 371412 x $3.15 = §1,11848
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AREA OF A CIRCLE

To €ind the formvula for the area
of o circle, divide the circle into
’rriomgles.

The +riomgles £from the circle can be
rearranged to form o rec+angle.

\—vl

r dgfk
The width of the rec’rangle is the radivs of the circle. The
Ieng’rh of the rec’rangle iS half of the circumference.

N



The area is:

A= Ieng+h x width
=®xr Xr

= xrt
Formvula for areo of a circle.
Area = x « radivsz  OR

Y
answer is in /

A = wrt units squared

Memory Tip:
Think
Area = xr?

“Pies Are Squared”

EXAMPLE: Ffind the area of the circle.

A = wrt

A=xe2r=4x

A =4x em? = 12.6 cm?
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EXAMPLE: Ffind the area of a circle with
o circomference of 10w meters.

Use the circumference to find the radivs:

C=12xr
10x = Zxr
r=>5

Now f€ind the areo:

A = wrt
=x X 5% = 7265x
A =25% m? = 18.5 m?

EXAMPLE: Find the radivs of o circle
with an areoa of 144x inches?.

A = wrt
144x = wrt
144 = r*
r=12

The radivs is 12 in.
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Area of a Sector

The areo of a sector (slice) can be found using o PROPORTION
that compares the sector to the whole circle.

Formvla for area of a sector:

0 SECTOR
A= 360° X xrt 4

O = measure of the sector's omgle

To €ind the area of this sector:

.A Areo of the sector  60°

x(5) " 340°

measure of
sector's angle
¢
Area of the sector _ 6
Area of circle = xrt 360° ,
measure
of circle

Area of the sector  60°

2 ) . , ,
x(5)% x x 52 260" n(5)* Multiply both sides
by =5
0° T
Area of the sector = 260" x(5) Simplify.
_ 15w
=== 131
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EXAMPLE: Find the areo of the shaded sector.

175°

A=%xwrl

175° 4
- T%o « x(12) = 0%

# = 10x £t = 2198 £

THE MEASURE OF A CENTRAL
ANGLE EQUALS THE MEASURE

SEXAMPLE: A dartboard with
radivs 8.8 inches has one sector
with an angle of 18°. find the area
of the sector.

A=%xm‘z

18
A= 3p X KBHE

A=122in?
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For clues‘rions 1ond Z, £ind the area of the circle.

WECK vour (LHIOWLERCE

\<°(°

3. Find the radius of o circle with area 121x £
4. Find the diaometer of a circle with areo 81x cmZ.

5. Find the area of a circle with circomference 28x mmz.
Round to the nearest tenth.

For questions b and 1, £ind the area of the shaded portion
of the circle. Round to the nearest tenth.
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For questions 8 and 9, £ind the area of the shaded portion
of the circle. Round to the nearest tenth.

oW

4cm

10. # pizza has a diameter of 16 inches. Jomes eats one
45°-angle slice. What is the area of the remaining pizza?
Round to the nearest tenth.
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CUECK Your QSWERS

1. (Use & = xr? = x(15)2); 225x m? = 706.5 m?
2. (Use & = =r = x(17)?2); 289x in2 = 9019 in.2
3. 116+

q. 18 cm

5. (First vse the radivs: C = Zxr, 28x = 2xr, r = 14.
Then vse A = xr? = x(14)2); 6154 mm?

80
6. (Use & = % X xrt = 360 X x(15)2); 1571 m?

7. (Use & = % X xrt = % x ®(3)2), 12.0 cm?

360-10
8. (USQ A= % X Wrz = (03(00 4 X 7\'((:‘)7'.)‘, 181.0 {‘:‘l

=2

2:
(Use A = % X 7rt = % x ®(4)2); 34 cm?

360-45
10. (Use & = % X ®rt = 360 X =x(8)2); 1159 in.2
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Chapter 4i8
A%%@g OF

FIGURES

A COMPOSITE FIGURE is o shape made up of two or
more basic geometric shapes.

. Examples:

M A

To £ind the area of o composite figure:

Step 1: Break the composite figure into its basic shapes.

Step Z: find the area of each shape.
219



Step 3: #dd all the areas together (and subtract any
missing parts if necessary) to £ind the area of the entire

composite figure.

Formulas needed to calcvlate the areas of composite figures:

SHAPE

Red-angle

FORMULA

A=dw
L= length, w = width

‘Parallelogram & =bh

Triomgle

Trapezoid

520

b =base, h = heigh’r

_ bh
’°"z

b =base, h = heigh+

- % h(b, + by)
h = height, b, and b,
ore the boases

FIGURE




SHAPE

Rhombus

Kite

Regular

‘Polygon

Circle

Sector

FORMULA

A=%upz

d,and d; are the
diagonals

A=%¢m

d, ond d, are the
diagonals

.
A-Za'P

a = apothem
P = perimeter

A= xwr?

r = radivs

A

o wrt

__©6
360°

O is the angle of the

sector
r = radivs

FIGURE

%

(W)

-~

£
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SERXAMPLE: ' find the area of
the composite figure.

Step 1: Break the composite
Figure into three rec’rangles.

Since the area of a rectangle
is length x width, we need to
find the missing length of the
green rectangle . ..

....and width of the blue
rec+ang|e.

522

8in.

8in.

6in.

Tin.
3in.

Sin.

15 in.
6in.

Tin.
=r3 o

Sin.

1S in.

5-5-6="

gin.

R

X I Sin.

1S in.

3in.

«8-3=5




Step Z: Calculate the area of each figure.

6in.

Total area = lw + + lw Y in.

l_I 30, Tin.

= (4)(3) + + (15)(5)
Sin.

=12 +42 + 75 =129

15 in.

The areo of the €igure is 129 in.Z.

Note: The Qigure covld have been divided other ways.

[l (. [

Choose the way thot reqpires the fewest
or easiest calculations.

. i
il
0 L)
i
e
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EXAMPLE:  Ffind the area of
the composite figure. 2% m

1. Breok the figure into o

D
! thm

1Sm

rec+angle ond o +riangle. =

2. Find the base and height of

the +riangle: 23 m

h=23-15=9

=)

12m

=

The +riomg|e iS o righ+ +riang|e, S0 we vse the ‘Pg+hagorean

Theorem to £ind the base:

gt + b = 10% -
bt = 36

o=6 23m
3. Colcvlate the area of each
shape and add the areas u|

+oge+her.

224
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Total Area = areo of rec’rangle + areo of +riom9|e

_ . bh.
= lw 7

N AR . “‘”ﬁ
- 276 + 24 = 300

The areo of the €igure is 300 mZ,

We can also find areas of composite figures by subtracting
the areas of the shapes.

SEXAMPLE: Find the area of the circle.

The diometer of the circle is the
width of the rec+angle, 10 feet.

10 f4

Therefore, the rodivs is 5 feet.

— 22 ft ———

The areo of the circle is:

# = xrt
# = x(5)2
# = 25x £ = 185 £
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SEXAMPLE: @ Find the areo of
the shaded Figure.

1. Remove the circle and the
semicircle from the rec‘rangle.

2. Find the length and = 1 —T)
width of the rectangle using / :Smm
the radii of +he circle and £

|
semicircle. K |8 mm
] | N[

The length of _ diometer of _ rodivs of

the rec’rangle the circle the circle

|=8+8+8=24
The width of the rec‘rangle = the diameter of the circle

w=8+8=10
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3. Subtract the area of the circle and ;— the areo of the
circle from the area of the rec’rangle.

7\
16 mm / 8 mr:\ /8_ m

24 mm

Total Areao =

= Areo of recmngle - Areo of circle - Area of semicircle

= lw - xrt - 7]_— xrt

(24)(16) - x@r - ;—w(s)z

half of the area

of a circle

= 384 - b4x - 3Zx = 384 - bx ~ 824

The areo of the {-‘igure iS 824 mmZ,
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For cluesﬁons 1-8, £find the areo of the shoded €igures. Assume
all angles that appear to be right are right. Round to the
nearest tenth when necessary.

WECK vour (LHIOWLERCE

22m
1. 3. 32 mm
b 4 m il lblnm
| 1 ETm 2| mm
10m
13 mm
lom
2. Zem 4.
| Ilem _ 3 erm
3cm
llem | :
|
Sem 'tem 4 cm :7cm : 3cm
| |
6cm +lcm 4

528



10in.

22 cm

kcm
|
.

5cm
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CLECK Your QIUSWERS

1. 442 m? 3. 494 mm?
2. 101 cm? 4. 58 cm?
5. 105.1in.2

6. Total Area = Area of trapezoid - Area of semicircle

Lo+ b) - r?

7]_—(11)&2 £ 10) - ;—7\'(5)2 - 1367 em?

7. Totol Areo = Areo of lorge circle - 2 x Areo of the small
circle

= xrt - 2xrt

= x(4)* - 2x(2) = 251 £t*
8. Total Area = Area of the pentagon - Area of the circle

1l op_ 2
-Za‘P xr

;—(2.8)(20) ~ x(2.8)= 34 inZ
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Chapter &9

SURFACE AREAS
OF PRISMS AND
CYLINDERS

THREE-DIMENSIONAL (3-D) figures are shapes that
have Ieng’rh, width, ond height Theg ore also called SPACE
FIGURES or SOLIDS.

SURFACE AREA is the area of a shape's surfoces.

# POLYHEDRON is 0 3-D figure 7y is Greek for “many.”
made vp of polygons. The polygons' Hedron is Greek for “base.”
flat surfaces are called FACES. The

line segments where the foces meet

are colled EDGES. The VERTICES FPeE—> FACE
(plural of VERTEX) are the points

where three or more edges meet

(the corners). CvERTEX
532



PRISMS

PRISMS ore o type of polyhedron made up of +wo
polygon faces that are parallel and congruent, called
the BASES. The remaining foces are called the
LATERAL FACES, which are parallelogroms.

Prisms are ca’regorized BASE
by the type of bases  BASE
’rheg have.

LATERAL FACE

# RECTANGULAR PRISM has all right angles, the bases
are parallel rectangles, and the loteral foces are
parallelogroms.

# TRIANGULAR PRISM has bases that are parallel triangles
and lateral faces that are parallelogroms.

06

RECTANGULAR HEXAGONAL
PRISM PRISM

TRIANGULAR
PRISM

SQUARE PENTAGONAL
PRISM PRISM
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The SURFACE AREA (SA) of a polyhedron is the sum of the area
of its faces. We can calculate the surface area of a polyhedron
by adding together the area of the bases and the lateral faces.

T —

The LATERAL AREA (LA) is the total area of
the loteral foces.

The surface areo of o prism can be calcvloted by unfolding
the prism and looking ot the NET, the two-dimensional
representation of the prism's faces.

| 4m A' Ll.mt‘l-m
| 7m: m B A B |[m
/)-___ : .
Al A, |4
A, [1m
Sm

We con £ind the total surface area bg adding the areo of
eoch face.

SUFFGCQ AFQG = B] + BZ + ‘Pf] + ‘A’Z + ‘A‘3 + ‘A’4 'd"’@l’dl faces
bdses
=4 xD+@GxN+EXxPD+EXN+ExH+BxT)
=78+28+20+35+720+35
= 166

Surfoce Area = 166 m?
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Another way to solve:

Add the area of the two bases
(pink rectangles) and the area
of the lateral foces—the lateral
area (the green rectangle).

Area of Base = |w
=4x7=128

Lateral Area = lw
=5)4+7+4+7)
=5x11
=110

22m

Um

Sm

TAG lethﬁ
of the lateral

Y area is equal in
measure to the
Pcn’mcfer of

the base (P).

Svurfoce Areo = 2 x Areo of the base + Loteral Area

= 2(18) + 110
=56 + 110
= 166

Svurface Area = 1bb m?

Lateral Area of a Prism

LA = Ph

Surface Area of a Prism

SA =28 + Ph

B = area of base
P = perimeter of base
h = height of prism
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SERXRAMPLE:  find the surface area
of the rectangular prism.

You con look ot the net to see the
surfoce oreo more clearlg.

A=10cm

BASE w=9m

h=7cm

BASE

To vse SA = 2B + Ph, first £ind the valve for B, the areo of
the rec+angular base:

B = lw (length x width)
=10 x 9 =190
Then £ind the valve of P, the perimeter of the base:

P=9+10+9+10 =38

336



Now we have all the informoation to €ind the surface area:

One Woy

SA =128+ Ph
= 2(90) + (38)(D)
=180 + 266 = 446

SA = 446 cm?

[ ]
The answer is given
in units Squared.

Another Wag

Since we know B = lw we con
vse SA = 2lw + Ph:

SA = 2(lw) + Ph
=2010)) +« (A« 10 + 94« 10)()
=180 + 260 = 4406

SA = 446 cm?
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EXAMPLE: = find the surface area of the triangular prism.
The prism's bases are triangles, so in order to find the area
of the base (B = T bh), we first need to find the length of
the triangle's base (b = | « I).

Using the Pythagorean Theorem (or Pythagorean triples),

Sin. Iy, 5in.
22, f2-52 :_Im.
q+4=125 R
L= : 0in.
l=4 //A\\

7 N

The leng+h of the base of the +riangle iSb=1+1=4+4=8.

Now we have all the informoation we need to find the
surface oreo.

SA=2%+ Ph
=2x%bh+?h

-7 x % ©)3) + 5 + 5 + 8)(10)

= 24 + 180 = 204

SA=1204in?
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CYLINDERS

To £ind the surface area of a cylinder, open the cylinder and
flatten it ovt. Look ot the net.

When you unfold a cylinder, « CIRCUMFERENCE
the loteral area is shaped 2nr
like a rectangle. The bases

[ — h |
are shaped like circles.

Add the areoa of the two @ O

circle bases and the a7TF
rectangle (loteral area) to
ge+ the total surface areo.

The length of the —h —
rectangle is the same as

the circumference of the

circle—it wrops completely

around the circle.

Svurfoce Areoa = Areo of two circles + Areo of the rec+angle
= 7 x Area of base + Lateral Area
=2 xwrt+2xr xh

= 2xrt + 2xrh
539



-- h.

r = radivs of the base
h-= height of the cglmder

Find the surface area of the cglinder.
The diometer of the base is
15 feet, which means the radivs
is 1.5 feet.
SA = 2xrt + 2xrh

= 2x(1.5)% + 2x(1.5)(22)

=1125x + 330x = 442.5% = 1,590

The surface area is abovt 1,390 2.

B
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SEXAMPLE: ' A company is making
labels for cans of pineapple chunks.
The radivs of each can is Z inches
and the height is 6 inches. Whot is
the surface areo of each label?

We don't need to £ind the total surface area of the can,
becavuse the label onlg covers the lateral area.

The net of the can is: P TOP OF CAN

¢— LABEL

The surface area of each label is just the lateral area of

Gin,

the con.
LA = Zxrh
= 2x(2)(6)
= 24x ~ 154

The surface area of each label is approximately 154 in.%
21



@ CLECCYouR GIOWLERCE

For questions 1-4, find the surface area of each prism. Round
the answer fo the nearest fenth, if necessary,

10m
gm
5m 32cm
214 ' 137m

w2
I9Gm 8m

5. David is wropping o present in a rectangular prism-
shaped box that is 15 inches high. The top and bottom
of the box measure 9 inches long by 1l inches wide.
What is the minimum amount of
wropping paper David will

need to wrop the present? |5 in.

Qin.

[in.

242



For quesﬁons 6-8, find the surface areo of each cglinder.
Round the answer to the nearest tenth.

lem
! e',
1 TR
IS £
8 —4in. o
% in.

9. Trevor and Manuel each have cylindrical cans of soup.
Trevor's con has o diometer of 3.2 inches and o height
of 3.8 inches. Manuel's con has a diameter of 29 inches
and o height of 4.3 inches. Whose can has the larger
surface area?
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CUECK Your QSWERS

. 2(5)10) + 2(5)(®) + 2(10)(8); 340 m*

L

2. 2()B)1ZT) + 82D + 152D + 122D (Use the Pythagoream
Theorem to find the height of the triangle); 851 £t

3. 2DHLOGNE) + 6(13)3); 2808 cm?

4. 7(8) + AT + BAD + 2 )BIE) 2834 m?
5. 2(1(A) + 2(N(13) + 2(3)T; T8 in.2

6. 2x(35) + N1Zx(35); 3187 cm?

1. 2x(1T) + 15Zx(1T); 34163 F2

8. 2x(22) + 142(2)); 2011 in?

9. Trevor's can has the Iarger surface areo. (Trevor's con:
SA =543 in2, Manvel's con: SA =524 in.2)
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Chapter 5.0,
SURFACE A%ﬁ@g

AND @@M%@

VERTEX
PYRAMIDS (
# PYRAMID is o polyhedron LATERAL FACE
in which the base is a polygon
and the lateral faces are
friongles. The foces meet

at one point called the BASE

VERTEX or APEX.

# REGULAR PYRAMID hos All the sides in

congruent lateral faces and a regular polygon
. are congruent.

o regular polygon for its base.
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The SLANT HEIGHT (£) of a regular pyromid is the height of
a triangular lateral foce.

The HEIGHT OF THE PYRAMID SLANT
HEIGHT (L)

(h) is the length of the

perpendicular line drawn from

the vertex to the base.

HEIGHT (h)

"Pyramids are named by the shape of their base.

TRIANGULAR SQUARE
PYRAMID PYRAMID
PENTAGONAL HEXAGONAL
PYRAMID PYRAMID
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Surface Area of Pyramids

- To calcvlate the surface area of o pyramid, add the area
- of all the faces. To calculate the surface area of a regulor
- Pyramid, vse the following formulas:

P = perimeter of base
{ = slont height
® = area of base

- For example, when vsing the formula SA = 8 + %‘Pl

' 1
L SA=81+ —(A+9+9+ N0
2! 10 A=10in.

- - + i
= 81+ - (36)10)
—
=81+ = (360)

- =81+180

B=8lin?

| =206lint




“EXAMPLE:

A=10in.
Find the surface area of the
friangular pyramid vsing the
lateral area. QinY
LA= P/
A B=8lin?

1
7 (A +9 +NI0)

135
LA = 135 in2

Sh=B+ %?Z

S8l %(‘ﬂ + 9+ 910)
81+ 135 = 26

SA =216 in?
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EXAMPLE: Find the surface areo of

the regular pentagonal pyromid. LS erm

T we vse SA =B+ %?/,, Sirst we
must £ind P, the perimeter of the base,
ond then B, the area of the boase.

3cm
2.lcm

The perimeter of the pentagonal base
with 5 equal sides of length 3 cm is:

P=5x3=15

Since the base is a regular pentagon, its area is:

The areo of the base is:

1 i
= 7 X apothem x perimeter or e —
|
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One Wag Another Wag |

B = % (Zn(15)=1515 " .  Since we know B = %G_P, |

we can vuse the formvulo: |

Sh=8+ 1P/ ' Sk-doPsLPL | |

yA yA /A

- 1575 + - (5)45) | | I

| =7 (2D05 x 3) + 7 (5 x 3)45) -

=495 |

=495 |

SA =495 em? . |
SA =495 um?



CONES

# CONE is a solid with o

circulor base and one vertex.

VERTEX
A

SLANT
HEIGHT

«’

HEIGHT

RADIUS

LATERAL AREA
OF A CONE

LA = xr/

. A coneisnota Polylmedron,‘
' a Polylvedron has no curved
Sur‘faces.

Use the €o|lowing formvulos
to calculote the surface area
of o cone:

SURFACE AREA
OF A CONE

Sk =xrt+ xrl

/ = slont height
r = radivs of base

& &

§ POLYHEDRONS

NOT ON THE LIST.

SORRY. YOU'RE
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EXAMPLE:  Find the surface areo of the cone.

First €ind the radivs of the cone
using the ‘Pgw‘hagorean Theorem.

rt+ 15 = 17
rt = 64
r=9

Then, £ind the surfoce areo.

SA = xr + xrl
= x(8) + =(8)(17)
= 200x =~ 628.3

The surface area of the cone
is Z00x mZ or obovt 628.3 mZ.

EXAMPLE: Indira is moking
decorative paper snow cone cups

for a party. The radivs of the cone's
opening (the base) is 1.3 inches and the
height is 4 inches. \What is the laterol
area of the cups?
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Step 1: find the slant height using the Pythagorean Theorem:

132+ 42=/2
1=£2
l=42in.

Step Z: find the surface areo.

We need to £find on|3 the loteral area since there is no
actval base on the cup.

LA = xrl
= x(1.3)(4.2)
=112 int

-y
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1. Find the lateral area of the
regular pyromid.

WECK vour SHIOWILEREE

14 n.

16 in.
For ques’rions 2-5, find the surfoce areo of each regolar
pyramid. Round the answer to the nearest fenth, if

necessarg‘
21
2. y.
Ilcm
| £ gcm
3. 5
10ft
Tmm
13
4mm
89 1
2J3 mm
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bcm
6. Find the lateral area of the /
cone. Round the answer to ‘
the nearest tenth. ,\
9ecm

For quesﬁons 7 and 8, find the surfoce areo of each cone.
Leave your answer in ferms of .

1Sm
12 in.

18 m 10 in.

9. Javier is painting his square pyramid-shaped fort thot
has a height of 10 feet and a base with side lengths of
9 feet. He has o half gallon of paint, which will cover
200 square feet. Does he have enough paint to cover
the fort?

10. Dani is making artificial cone-shoped decorative pine
trees covered in netting. The netting costs $0.65 per
square foot. How much will Dani spend on netting for
four trees that are 4 feet high with a base radivs of
1.8 feet? Round to the nearest cent.

ANSWERS 5535



CUECK Your QSWERS

1. % (3)(16)(14); 336 in2

2. 1+ %(4)(2)-. 5 2
3. (243 )24) + %(24)(1); 165.6 mm

4. b4 + - (32)(117) (slant height con be found by using the
Pythagorean Theorem: 112 + 42 = £2, £ = 117); 2513 cm?

5. %(8.‘1)((05) . % 65)10); 6143 £t

6. x((10.8) (Use the Pythagorean Theorem to find L
6 + 9 = /%), 305.2 cm?

7. =x(92) + x(N(5); 21bw m?

8. x(5) + x(5)(13) (Use the Pythagorean Theorem to £ind L
122 « 52 = /%), 90x in2

9, % (36)(11.0) (Use the Pythagorean Theorem to £ind L
10% + 452 = /), yes, the lateral area of the fort is 198 2.
10. x(18%) + x(18)(44) = Sh, multiply by 4, muttiply by 065 to get

the cost. (Use the 'Pg‘rhagorean Theorem to §ind £); $9196
556



Chapter S5l

The YOLUME (V) of o 3-D figure refers to the amount
of space that the solid encloses. Volume is expressed in
CUBIC UNITS—the number of cubes thot hove an edge
length of 1 unit that it inside the solid.

| CUBIC UNIT
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PRISMS

To find the volume of most prisms, vse the formula:

Volume = Area of the base x Heigh+ of the Prism
or V = Bh

Use a caPifal B to show that
it’s the area of the base.

The answer is given in units?, " The exponent "3” means “cubic’— |
ow many cubes fit inside. !

Rectangular Prisms
To £ind the VOLUME OF A RECTANGULAR PRISM, use the
formulo:

V = Bh R = area of the base
h = height

or

vy
Vanz

V = lwh | = len9+h
w = width
h-= heigh+
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“ERXANPLE: The base of a rectangular prism has 16 cubic
units. There are b layers of 16 units. Find the volume.

........

X

(O
-
+
— —i

Vv = B X h
= 16 CUBICUNITS X & LAYERS

= 96 CUBICUNITS
THE UNITS FOR VOLUME ARE CUBED.
V=Bxh
=16 x b
= 96 cubic units

We con also vse V = Ieng+h X Width x heigh+ or V = lwh to
find the volume of the rectangular prism.

[ V=1xwxh

=4x4x0
= 96 cubic vnits
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the prism.

One \»/ag

B=lw

= (8)(6b)

- 48

V = Bh

= (48)()

- 432

The volume is 437 in2.

Find the volume of /

7

gin.

Another \»Iag

V = lwh

= (8)(©)()

- 432

The volume is 437 in2.




Triangular Prisms
To £ind the VOLUME OF & TRIANGULAR PRISM, vse

V=8h or

V= - x base x height x length (V = —-bhi

1
]

Le:'g‘fl' of friangle lengf/s of prism

(1 -
SEXRANPLE: Find the volume ]

of the friangular pyromid. i
A IS £+ i

6ft i

One WQg fnother WQg | |
g lon | bl v Lon | |
" 7 | L | 7 | |
1 " 1 |
7(@)(10) =5 (6L)10)(15) |

=30 1 = 450 |

V = Bh The volume is 450 . | |

= (30)(15) N |

= 450 1 |

The volume is 450 £4.
561



EXAMPLE: Find the volume of
the triangular prism.

Multiply the area of the base
(B - - x 1x 4) by the heigfit of
the prism (h = 8). ‘tm

gm

Tm
V = Bh
(L This example uses h
( 7 L 448 for the height of the
triangle and /for the
=112 height of the prism.

The volume is 112 m3.

Volume of a Cylinder
The formula for the volume of a cglinder iS the area of the
base times the heigh+=

V = Bh

Since the base is a circle, use the formula for the areo of
o circle (A = xr?) to find the area of the base.

V = x x radivs? x height (xrZh)

st

area O‘F base

262



| V=28h B = areo of the base

= nrth r = radivs of the base
h-= heigh+
SEXAMPLE:  Find the volume of ( )
the cglinder.
15 in.
V = wrth
= x(4)X(15)  8in
= 240x in2 =~ 1540 in.2 e

Oblique Prisms and Cylinders
An OBLIAQUE PRISM or CYLINDER does not have righ’r angles
between the sides and the base.

The volume of an oblique |

prism is taken from the

volume of a reqular h h
(right angjle) prism. _6_5°J l7_5_

OBLIQUE

means slanted, not parallel or perpendicular
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# stack of papers is like a rectangular prism with volume
V = Bh.

Imagine the some stock slonted o bit.

The height of the papers didn't change. Neither did the
volume of the papers. Only the orientation changed.

B : 3

l

\/=Bh

> —

So, the volume of an oblique prism is the same as
a right prism with the same base and height, V = Bh.

CAVALIERI’'S PRINCIPLE

Bonaventura Francesco Cavalieri
(1598—-1647; an Italian mathematician)

If two solids have the same height and the same
cross-sectional area at every level (like the area of one
sheet of paper), then they have equal volume.

26%



Cavalieri's Principle can also be vsed to show that the
volume of an oblique cyhnder is the same as the volume
of a righ’r cglinder, V = xrth.

EXAMPLE: Find the volume of
the cglinder.

V = 7\'r7'h I—:
= x(9X77) = N2x
V =12xin3

N
N—

k FORMULA FOR VOLUME
IS THE SAME
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CLECyour (HOWLEDEE

For questions 1-8, £ind the volume of the prism or cylinder.

1. 5. T
9ft 2 i
S5ft
14f4
2 6. i
|
l 523m
|
h £t !
207 25 I
B=3Im?
3.

1. 2cm

4m bcm :

:

4m
8.
|
n,.-n_\(() ) 10in

8in.

28 in. Win.

q.




f—y
9. The Leaning Tower of Pisa is T r
56 meters high, with a radivs
of 11 meters. What is the
volume of the tower? Round =
to the nearest cubic meter. ‘]

10. A fruit juice company's cans —3IN—
have the dimensions shown.
| o )
What is the volume of one S=EEEAE
can? Round to the nearest .

tenth. 4.3 IN.

ANSWERS 567



CLECK Your QIUSWERS

1. 4G, 630 £

2. % (20)(10)(25); 2,500 £

3. %(4)(1)(4)-. 8 m?

4. x(13(28), 4T32x in2 ~ 14,8581 in>
5. x(3.52)(3); 3615%x mm> = 1154 mm3
6. 3123), 13 m?

1. 7(22(6); 247 cm® ~ 154 cm?

8. 118)(10); 880 in?

9. x(179(56); 10426 m?®

10. =(15%)(4.8); 339 in.?
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Chapter 52

AND 6@%%@

VOLUME OF A PYRAMID

To calcvlate the volume of a pyramid, multiply one-third by
the area of the base of the pyramid times the height.

The formvula for the volume of a pyramid is:

V = x oreo of base x heigh+

1
3

or

1
V = —®Bh
3 B
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the pyramid.

One \»/ag

First, €find the value for B,

the area of the base.

B = lw (length x width)

1
-3 ©)(5) =10

V=10 cm?

Find the volume of

3cm
2cm

Another \»/ag

® = |lw, we can vse V = %Iwh

L iwh

w

1
-3 (2)(3)(5)

V =10 cm?



EXAMNPLE:  Ffind the height of
the regular pentagonal prism with
volume 453.6 in>.

Step 1: Find the area of the base.
4.8 in’

Since the base is a regular Tin.

pentagon, its area is:

B =—0P

N|—

(4.8)(35)

N|—

- 84

Step Z: find the height.

L
V- 5-8h

4536 - % 84)h

h =162

The heigh+ is 160.2 in.

N



VOLUME OF A CONE

To calcvlote the volume of o cone, vse the formvulo:

Volume = % oreo of the base x heigh+=

V = — base x heigh+

1
3

or

Since the base of o cone is o circle with area =rZ,
this formulo becomes:

Volume = % X % X radivs? x heigh’rz

V = —xrth

1
3
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SEXAMPLE:  Find the volume
of the cone.

Since the radius is half the
|eng+h of the diometer, r = 6.

=_] 1

V 3 xrth

LAY
37\'((0) (15)

= 180x =~ 565.5
The volume of the cone is 180x m> or abovt 565.5 m3.
SERAMPLE:  June has a cone-shaped

container that is filled to the top with
popcorn. find the volume of the cone.

Before we con vse V = %wrzh, we need
to find the heigh+ of the container, h,
using the 'Pgi-hagorean Theorem.

ht+ 452 = T2
ht = 2875
h ~ 536 in.
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Now we have all the informoation we need
to £ind the volume.

I
vV Z>1trh

%w(4.5)z(5.3(o)

=~ 113

The volume of the cone is about 1131 in.2.

Volume of a Frustum
The FRUSTUM is the part of o pyramid or cone thot is left
when its top is cut 0££ by a plane parallel fo its base.

Find the volume of a frustum bg sub+rac’rin9 the volume
of the missing portion of the solid from the volume of
the entire solid.

r ==

FRUSTUM
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EXAMPLE: Find the volume of the frustum.

AN
19cm
l 2.2cm

2.2cm

38cm 38cm

Volume of _ Volume of _  Volume of
frustum  entire prism  missing portion

] ] formuld f""
= ?Bh - ?Bh voluhne o'Fa Pyramfd
- Liwn- L

3 lwh 3 lwh

"

%(3.8 x 38)(3.3) - %(z.z % 2.2)(19)
- 15884 - 3005
-12.82

The volume of the frustum is 12.82 cm?.
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& G

For cluesﬁons 1ond 2, £ind the volume of each regular
pyramid. Round to the nearest fenth if necessary.

WECK vour (LHIOWLERCE

10cm

12cm 0=3%6mm

3 mm

For questions 3 and 4, £ind the volume of the pyramids.
Round to the nearest fenth if necessary,

26in.
X~ 6 £t
\Tin. 9ft

23in. 4 f4
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For ques’rions 5-1, find the volume of the cone. Round to the
nearest tenth i€ necessary.

> &

8. Find the volume of the

£frustum.
T /N T
TR 35t
/ \ l
8.7

9. Find the height of o pyramid with volume 1Z in.? and
base area 36 in.%.

10. Find the radivs of a cone with volume 141 m® and
heigh’r 9 m. Round 1o the nearest tenth.

ANSWERS 3717



CLECK Your QIUSWERS

1. % (12)(12)(®); 384 cm?

2, % (%)(3.@)(24)(1)-, 1008 mm?

3. % (23)1T)(26); 33887 in2

11
=+ () (N6, 336 &
5. %w(qz)('l)-, 5935 in3

3 % x(GA)(1N); 4145 m?

1. % x(E1(8); 209.3 cm?

. % xED87) - % x(22)(35), 2131 §P

9, 12 - %(3@)&1-, bin.

10, 147 - % xr4(); 39 m

278




Chapter 5
SURFACE A%%A

# SPHERE is o set of points in o space that arelequidistant

from a center point, like a ball.

# radivs of o sphere is a line
segment from the center to
o point on the sphere.

# diameter of a sphere is

o line segment that passes
through the center with both
ends on the sphere.

an e.iual distance

Every line from the center of a
sphere to the edge is a radius.

e XX IS
- ~~

S
S\

CENTER
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A HEMISPHERE is half o

Sphere' Aemis,,lxere —

The circle thot divides a

sphere into two hemispheres
is colled the GREAT CIRCLE.

SURFACE AREA OF
ASPHERE

To calculote the surface area of
a sphere, vse the formvla:

Sh = 4xrt r = radivs of the sphere

EXAMPLE: Find the surface areo

of the sphere.
SA = 4xrt
= 4x(8)*
= 2567 = 804.2

SA = 256 cm? or abovt 804.2Z cm?

280
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SEXRAMPLE: = Ffind the surface areoa of o sphere thathas |
o grea+ circle with circomference 65x in.z. | |

Before we can vuse SA = 4xrZ, we must €ind the radivs. |
We will find it using the greod- circle, since it has the |
same radivs as the sphere. 1

Since the circumference of
the grea’r circle is b5x in.Z,

C=12xnr |

65x = 2xr [
radius of 9reaf circle = radius of sPl»ere

r =325in. |

SA = 4xrt |

= 4x(32.5)* B

= 42725x% |

The surfoce areo is 4225« in.Z. N | |
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The SURFACE AREA OF A HEMISPHERE is half the surface
area of o sphere plus the area of the greot circle.

SA OF HEMISPHERE Y4 SA OF SPHERE AREA OF
GREAT CIRCLE

('/7."-|'T(I'") (m,,)
Sh - %(41«1) ¢ wrt

EXAMPLE: Hiro boked cookies in the shape of
hemispheres. €ach cookie has a radivs of 3 cm. Hiro is going
o completely coat each with chocolate. He has enough
chocolate to cover a surface area of Z,000 cm? How many
cookies con Hiro coot?

_2000CM2 CM? .
NUMBER OF COOKIES = SyRFACE AREA

OF ONE COOKIE
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The surfoce areo of eoach cookie is:
Sh - %(omrz) . xr2

(Ax(3)2) + x(3)?

1
YA
= 2% cm?

The number of cookies Hiro con coat is:

Total SA 2,000

ShA per cookie  Zlx £36

Hiro can coot 23 cookies with chocolate.

VOLUME OF A SPHERE

To calcvlate the volume of a sphere,
use the formvlo:

V=225 - rodivs of the Sphere

3

TO SOLVE, ALL You
NEED TO KNOW I5 THE
FADIUS OF THE SPHERE.

N
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SEXAMPLE: Ffind the volume of
the sphere.

The rodivs is hal€ the diometer,
sor =0 ¢t

V=—xr

(6 £)?

TR EN

= 288x £

SEXAMPLE: Find the volume of a ball that has a surfoce
orea of 100« inches?.

First €£ind the radivs of the ball using the surface areo:
SA = 4xr

100x = 4xrt

100x

Z__
r 4x

rt=125
r=5 The radivs is 5 inches.
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Then £ind the volume:

I
V 37\'r

= %w(S)"’

200
3

x =~ 52306

The volume of the ball is approximately 523.6 in.>.

The volume of a hemisphere is one-half the volume of
o sphere. The formula is:

V=—x %wﬂ

1
2

HALF THE SHAPE:
HALF THE FORMULA!
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& G

For questions 1-3, find the surface area of each sphere or
hemisphere. Leave answers in terms of pi.

WECK vour (LHIOWLERCE

4. Find the surface area of a sphere if the circumference of
the greot circle is Z0 meters. Round to the nearest fenth.

5. Find the surface area of o hemisphere if the area of the
greot circle is = £ Leave your answer in terms of pi.

6. Find the volume of a sphere if the surface area is 3lx m.
Round to the nearest tenth.
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For questions 1-9, £ind the volume of each sphere or
hemisphere. Leave answers in terms of pi.

12 mm

10. Find the volume of a hemisphere if the circumference of
the greot circle is 45 feet. Round fo the nearest tenth.

11. Steel weighs .Z904 pounds per inches®. How much does
o steel ball with o diameter of 6 inches weigh’.’ Round to
the nearest tenth.

12. Nicole is exercising with a piece of equipment that is
hollow and in the shape of a hemisphere. The base of
the ball has an area of 169x in2. What is the volume
of the air inside the ball to the nearest tenth?

ANSWERS 587



CLECK Your QIUSWERS

1. 4x(12); 107 in

2. 4x(92), 324x om?

3. % (A)x(42) + x(42), 48x £
4. 4x(3.29); 1213 m?

- @)x(1) + x(1; 3x $i2
2 228 1AM

2 x(2%); 2,304x mm

243

3
8. (g x@45%), EB - 1215x in>

(5 =(23); 1 o

1
T2

10. x(1.23); 1813 £

4
3
1 4
73
", o.zqo4(% x(3); 32.8 Ibs

12. Area of the base = xr%; 169% = =r% r2 = 169; r = 13
= i i 3 - i i 3) Y
V= o x5t = oo x ox(13) = 45991 in.
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VOLUM
COMPOSITE FIGURLES

& 3-D COMPOSITE FIGURE is o shope made up of two or
more basic geometric solids.

We can split a composite figure

into its basic geometric solids to P = perimeter of the base

B = area of the base
moke calcvlations. t = radius of the base
h = height

£ = slant height

Formvulas vsed to calcvlote volume

in composite 3-D figures:

SOLID LATERAL | SURFACE VOLUMNE

AREA AREA
Cone xrl 8 + xrf or %Bh or
VERTEX
L xrt « xrl
HEIGHT EEL?G'\Q %ﬂ'rzh
NUARW
| X ] i

RADIUS . ) ) ssq;



SOLID LATERAL | SURFACE VOLUME
AREA AREA
Cglinder Zxrh 28 + Zxrh or | Bh or =xrth
‘ 2xrt + 2xrh

—_—

Hemisphere

% (4xr?) + =rt

28 + Ph Bh
g+ P Lan
yA 3
4xrt %wﬁ




SURFACE AREA OF
COMPQSITE FIGURES

The surface area of a composite figure is the area thot
covers the entire ovtside of the solid. To find the surface
area, add vp the areas of the faces, including any curved

surfaces (only the parts on the ovtside).

EXAMPLE: ' find the surface area of the composite figure.

The parts on the surface are the
lateral area of the pyramid, the lateral
area of the prism, and the bottom of
the composite figure, which is the base
of the prism.

Do not include the top base of

Scm

the prism (which is also the base
of the pyramid) becavse it is not
on the surface.

2cm 2cm V1NN
v N
/7 N
7,
| 7 '
— & _|_
6CM e | 15cm PN,
] | | |
| L
(g K4
Scm Voo s
Scm Scm

bcm +

3cm

bcm

Scm

NOT
INCLUDED



Total  _ Loteralarea  Lateral area — #rea of one of
surface area of the pyramid of the prism  the prism's bases

1
T'PK + Ph+

(5+¢5+5+5)3) +(5+5+5+5)b) +5x5

Nl—-

=30+120 + 25
=115
The surface areo of the composite figure is 115 cm?.
EXAMPLE: Find the surfoce area of
the ice cream cone and the ice creom.

Separate the solid into the cone and
the hemisphere.
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Total _ Loferalarea | 1 c0c0 area of o sphere

surfoace area  of the cone 2

= xrl + % (4xr?)
- x(15)45) « % [4x(15))
~353

The surfoce areo of the cone and
ice cream is approximately 35.3 in%.

Note: For the hemisphere, vse half
the surface area of a sphere becouse a et included
the surface area of a hemisphere
adds the area of the greot circle,

which is not on the surface, and so
not part of the surface areo.

VOLUME OF COMPOSITE
FIGURES

To £ind the volume of a composite figure, separote the
shape into its basic solids. Then we £ind the volume of each
solid, using the volume formulas. Finally, add all the volumes
together.
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SEXAMPLE: Find the volume of

the composite figure. [ [vem 1™ 20em
42 cm
1Secm
Separate the solid into three 1 13cm
; 50cm
prisms.
Since the volume of each prism is . ;
V = lwh, find the missing length, | ‘l‘b‘!‘ ]
width, and height of eoch solid. <™ [~ Tsam
l 13cm
50cm

Use the horizontal lengths to find the length of the red prism:
|=50-14-15=12]

Use the total height to £ind 1
the height of the green prism:

=g
4 20
h=42-9-=33

42
oS
13
The width is the same throughovt 50
the solid, so the width of every
prism is:
w=13
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Now, we have all the information we need to €ind the volume.

I [tem dem [20em
t2em | __
em 15cm
l 13cm
50cm

A===x 1===1
_ '_4___ | _’4.__/| __
AT | | | | AT
F4-+171 | | QCrm , ! =" 20cm
| ,'_+:H_-r I'tem “La [
7 4 ,|3cm I/ | / 1—/ 71
r—— - o F--FEEEee ./ e e Sl “13cm
12cm

50cm

____________

Total _ Volume of  Volume of Volume of
Volume green prism  blue prism  red prism

= |wh + lwh + lwh
= (50)(13)(33) + (1N (13)(A) + (Z21)(13)(Z.0)
=128548

The volume is 28,548 cm3.
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SERXAMPLE: Find the volume of 2m
the solid.

I£ we subtract the volume of the
cylinder £rom the volume of the 7m 1-/13m

rectangular prism, we end vp
with the volume of the remaining solid.

The length of the prism is the diometer of the cylinder,
l=Zm+Zm=4m

2m | |

Tm ¢ ™ Tm 7 N

Total volume = Volume of the prism - Volume of the cylinder

= lwh - =rth

= (D131 - =(2)47)
= 364 - 28x

~ 276.0

The volume is approximotely 276.0 m>.
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& CLECCYow CIOWLEREE

For questions 1 and Z, find the surface area of each
composite figure. Round to the nearest tenth if necessary.

1. 2.
10 1 10 £t
42 m 6t

1t

19m

1744

—35m = 16t

For questions 3-6, find the volume of the composite figures.
Round to the nearest fenth if necessary,

3. 3 .
ol 6.8m

4 o

7/ Ve 7/
23mm .
\/ m| /1,7

19 mm
25mm _ 1Zmm tw =¥
4.6m

9. 10 cm . = I
. 5.8in.
|

N
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CLECK Your QIUSWERS

. Zx(135)(9) + =(175%) + =(115)(4.2); 53.6 m*

L

2, 2(%)(1@«9) « 2010)(17) « 20D + 206)T) + 16(1T); 1434 £+
3. 23(25)(19) + %(12)(23)(101)-, 13,547 mm>
g, (yx(e?) « - xH®); 1540 cm?
© 73 3 2%
5. 4.6(13)68) - 11)(13); 2210 m3

. % (%h«f) ~ x(15)(5.8), 4112 in>
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Chapter U

SOLIDS OF

A SOLID OF REVOLUTION is the solid formed when
o two-dimensional object is rotated abovt a line, called
the AXIS.

Examples of a solid of revolution:

Rotating the triangle (2-D) about T e

A
line £ forms a cone (3-D). e\
TN

v v
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Rotating the semicircle (2-D) about line Lforms a sphere (3-D).

D e
“\/

\,/
SEXAMPLE:  Find the volume
of the solid formed when the 9in
triangle is rotated about line £. ' 6in.
¢ >4

The solid formed is a cone.

The hypotenuse of the triangle qin T
becomes the slant height of the /
cone, so £ = 4 in. The b-in. leg of
the triangle becomes the radivs of

N

the base of the cone, sor = b in. , h

To vse the formvla for the volume of o cone, V = %m"-h, first
£find the heigh+ of the cone, using the 'Pgi-hagorean Theorem.

h1+r1=ZZ
ht + o2 = 92
hZ + 30 = 81
ht = 45

h=v45 -9 .45 =345

€00



Then insert the solvtion into the formula:

I
Vv 37\'rh

%w((o)ZG‘JS_ )

36V5 x

The volume of the cone is 3(0'\’5_ T in3

EXAMPLE: Find the volume of the solid formed when

the rectanglle is rototed about line A 4

The solid formed is a cylinder.

The 10-cm side of the rectangle
becomes the height of the cylinder.
The 4-cm side of the rectangle becomes W em
the radivs of the base of the cglinder. v

10cm

The volume is: J

V = =xrth
= x(4)X(10)
= 160w

10cm

Yecm

The volume of the cglinder is 1607 cm?,
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SEXAMPLE:  Find the surfoce area of

the solid formed when the semicircle is p \\
rototed abovut line Z. 1ft \
The solid formed is a sphere with ) 2

o rodius of 1 feet.

The surface area is:

SA = 4xrt

= 4x()*
= 19%x

The surface area is 196x £t

SOLIDS OF REVOLUTION ON
A COORDINATE PLANE

# two-dimensional €igure rotated around the x- or y—axis
(or another line in the plane) also forms a three-dimensional
object.

Rotating a figure around the y-axis rotates the figure
horizontally (left and right). Rotating a figure around the
x-axis rotates the figure vertically (up and down).

/

€02



EXAMPLE: Ffind the surfoce area of the triangle rotated

obovt the y—axis.

The solid formed is a cone
with o heigh’r of 3 vnits and
base radivs of 4 units.

In order to use the surfoce
area formula for o cone,
Sh = xr? + xrf, we must §ind
£, the slant height.

Since the hypotenuse of
the friangle becomes the
slant height, we can vse
‘Pythagorean triples 3, 4,5
(or the Pythagorean
Theorem) to find slant

height, /=5

The surfoce areao:

SA = xrt+ wrl

= x(4)" + x(4)(5)

= 30xw

Y

,

——/'(4,3)

N

The surfoce area of the cone is 3bx unitsZ.
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EXAMPLE:  Find the volume £

of the solid formed by 4

rotating the shaded figure 5

around the x-axis. ¢ i T yx
=2

The solid formed by each 4

semicircle is a sphere. The

portion between the spheres
(the shaded part) is the 4
volume we need to find.

Volume of shaded portion = Volume of larger sphere -
Volume of the smaller sphere.

4
xr3 - —xr’

k)

x(6)* - —1:(7_)3

Lﬂl—b |

=1T71.3x

The volume of the shaded portion is Z11.3x units>.
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& CLECKYouR LOWLERCE

For quesﬁons 1-3, name the solid formed when the shaded
figure is rotated abovut line A

1. T4 2. 3. J

N

L

=
4

For quesi—ions 4 ond 5, find the volume of the solid formed
when the shaded Figure is rototed abovt line Z. Round
onswer 1o the nearest tenth.

~
v

MORE QUESTIONS €05



6. Find the surface areo of
the solid formed when the
rectangle is rototed about line £
Leave answer in terms of pi.

7. Find the volume of the solid
formed when the figure is
rototed about the x-axis. Leave
answer in terms of pi.

Y

€06



For ques’rions 8 ond 9, €ind the volume of the solid formed
when the shaded \Cigure is rotated abovt the y—axis. Leave

answers in terms of pi.

4
N
8. .
(3,3)
2 ;
€ 2 2 (3 ?x
-2
-4
Vv
9. Y
N
I+
2
€ C 7 X
-2 2
-2
-4
v

ANSWERS
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CLECK Your QIUSWERS

1. Cone

R

) Cglinder

3. Hemisphere

g, % <100V 44 ; 6946 m?

5. & x(8) - 5 x(3); L0316 48
6. 2x(142) + 2x(14)(; b44x in
1. =(25)(0); 28x units?

8. % x(3)(D); 21x units?

=2

Ay A ik
31r(1), 31run|+s



INDEX »

A MYV NAMAN
absolvte value, 361
ocvte angle, 1
ocvte +rian9|e, 121, 359-360
addition-subtraction property
of equality, 10
adjacent ungles, 20,21
adjacent arcs, 433
adjacent leg, definition of, 400
alternote exterior omgles, QN
alternote exterior angles
theorem, 102-103, 105
alfernate interior angles, 91
alternote interior ongles
theorem, 101, 105, 156
altitude, 111, 113
angle addition postulates,
21-22,3%4
ang|e bisector theorem, 333-334
angle bisectors, 33-31, 112
an9|e of rototion, 251-252,
256-1259
angle pairs, 21-40, 41-9Z, 99-105
angle-angle () similarity
postulate, 319-322, 325
angle-angle-side (A#S)
congruence, 151-158, 159
ang|es
acvte angles, 1
odjocent ungles, 20,21
base angles, 124
basic angjles, 19
centrol anglles, 430, 434,
435-431
classifying triangles by,
121122
comparing, 177-181
complementary angles, 29,
31-32
congruence and, 139-148
cor\c‘aruemL angles, 11-13,18,
33-34
constructing, 4041
corresponding, 92, 139,
310-31
definition of, 3, 1
exterior omgles, 0, 129-135
exteriors of, 18
included anglles, 144

inscribed angles, 455-459
interior angles, 40, 123-125,
129-131, 129135,
220-2122
interiors of, 18
measure of, 18-19, 442
measures of in polygons,
219-225
naming, 11-18
non-adjacent ungles, 20
obtuse angles, 1
proving special angle pairs,
99-105
right angjles, 19
same-side interior omgles, Q,
103-104, 105
s+roigh+ angles, 20
supplementary angles, 30-31
fransversal angle pairs,
Qq-az
ypes of, 19-20
vertical, 21
vertical omgles, 21-28
angle-side-angjle (ASH)
congruence, 153-156, 159
opex, 545
apothem, 504-506
arc addition postulote, 433-434
arc length formvla, 436
arcs
adjocent arcs, 433
congruent arcs, 435, 441
definition of, 430
intercepted arcs, 455—450,
4
length of, 434-431
mayjor, 432
measure of, 431-434, 435-431
minor arcs, 432
orea
of circles, 511-515, 521
of composite figures,
519-521
of a figure, 410
0f kites, 521
of other polygons, 419-501
of porallelograms, 490-493,
520
of rectangles, 410-411, 520

of regular polygons, 521

of rhombuses, 521

of sectors, 514-515

of trapezoids, 520

of trianglles, 413-495, 520
oxis, 599

B mammMvvar AT A
base, 124
base ang|as, 124
bases, 533
biconditional statements,
60—-062, 65
bisectors
altitude, 1T
angle bisector theorem,
333-335
angle bisectors, 33-31
centroid, 168-110
of chords, 448, 451
circumeenter, 105-161
cons+ruc+in9 ang|a, 47-48
incenter, 161-168
medion, 168-110
orthocenter, 171
perpendicular bisectors,
35-37, 163-165, 112,
134-135
points of concurrencies,
2-113
se(:)memL bisectors, 12-13
friongle bisectors, 163114

C mAav v AN AN
Cavalieri's principle, 564-565
center of gravity, 110
center of rototion, 251-252,
260-261, 215
center point, 418
centrol angles, 430434, 435-431
centroid, 168-110, 172
centroid theorem, 169-110
chords
congruent, 441-448
definition of, 418, 441
inscribed angles and, 455
theorems abovt, 441-451
circles
arcs and chords, 441-451
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area of, 511-515, 521
central angles and arcs,
430-431
circumference (C) of, 420-425
concentric, 422-423
congruent, 435
on the coordinate plane,
471-481
definition of, 418
equations of, 4T1-484
fundamentals of, 418-425
inscribed ongles ond,
455-459
parts of, 418-419
radion meoasure, 442-444
secants, 411-414
semicircle, 431
fangents and, 463461
circumeenter, 165-167, 112
circumeenter theorem, 106-161
circumference (C)
definition of, 418
formula for, 420-425
collinear points, 5
common tangents, 463464
compass, 41
complementary angles, 2, 31-32
completing the square, 481-484
composite figures
area of, 519-521
volume of, 589-59
compositions
glide reflections, 269-210
of reflections, 211-213
symmetry and, Z14-275
of translotions, 261-268
concentric circles, 422-423
conclusions, 56—51
concurrent, definition of, 165
conditional statements, 56—60, b5
cones
definition of, 551
surface area of, 551-553
volume of, 512-514, 589
congruence
angle-angle-side (AAS),
157-158
angle-side-angle (AS#),
153-156
basics of, 219-281
definition of, 139
properties of, 10-T1
side-angle-side (SAS),
144-148

€10

side-side-side (SSS), 142-143
congruence statement, 11
congruence transformadtion, 230
cor\c‘yuemL angles, 12-13,18,

33-34
congruent arcs, 435, 441
congruent chords, 441-448
congruent circles, 435
cor\c‘aruemL line segmem‘s, 10-12
congruent tangents, 404
conjectures, 53-55
constants, definition of, 350
constructions

an9|e bisectors, 41-48

angles, 40-41

parallel lines, 44-45

perpendiculor lines, 42-43

tools for, 41
converse, 58—6Z
converse of alternate exterior

ang|es theorem, 109-110
converse of alternate interior
ang|es theorem, 109, M-12

converse of corresponding
angles postulate, 109-10

converse of isosceles ﬁiangle
theorem, 125

converse of perpendicvlar
bisectors theorem, 104

converse of some-side interior
ang|es theorem, 109-110, 113

converi-ing degrees and radians,
444

coordinate plane

circles on, 411-481

dilations on, 302-304

distance on, 368-369

midpoint on, 364-36b

reflections on, 233-239

rotations on, 251-259

solids of revolution on,

602-604
solving problems with,
141-148

translotions on, 244-241
coordinate quadrilateral proofs

using distance formula for,

390-394
using slope formvla for,
388-389

writing, 386-381
coordinate triangle proofs

using distance formula for,

314-371

using ‘Pythagorean theorem,
319-380
using slope formla for,
3M-318
writing, 315-374
coplanar points, 6
corollary, definition of, 332
corollary fo the friangle
proportionality theorem,
3312-33%3
corresponding anglles, 92, 139,
310-31
corresponding angjles postulate,
99,105
corresponding sides, 139, 310-311
cosine (cos), 401-402
cosines, low of, 412-414
counterexamples, 54-55
cross products, 289-291
cube, 1
cubic vnits, 551
cylinders
oblique, 563-565
surface area of, 539-541
volume of, 562-565, 590

D MMV A AN
decagon, number of sides in, 219
deductive reasoning, 62-65
degrees, 18-11
degrees and radions, converﬁng,
444

detachment, low of, 62—63, 65
diometer (d)

as bisector of chord, 448, 451

definition of, 419

formula for, 420-422

of spheres, 519
dilations

on the coordinate plane,

302-304

definition of, 295

drawing, 300-301

finding scale factor,

2971-299

scale factor for, 296

distance formvla, 361-369,
313-3711, 381, 390-31

distributive property, Tl
division property of equality, 10
dmwing rototions, 2563-255

E mamvvvara A A
edges, 532



endpoints, angles and, T1
enlargements, Z45-290
equality properties, 6911
eq_uiongular +riung|e, 122
equidistant, definition of, 163
equilateral riongle, 11, 506
equivalent fractions, 289
extended ratio, 288
exterior omgle measvres,
223-215
exterior angle space, 18
exterior omgles, 0, 132-135

F mamvvvars v e
foces, 532

flowchart proofs, 15-11
£rustum, volume of, 514-575

6 m VAN
geometric proofs
definition of, 69
flowchart proofs, 15-T1
paragraph proofs, 11-11
properties of equalit
and congruence for,
69-M
two-column proofs, 12-15
geometr
definition of, Z
key terms for, -4
glide reflections, 269-210
graphing linear equations,
349-351
great circle, 580

|| PV VIV VIN VNV VY VN
hemisphere
definition of, 580
surface area of, 582-583
volume of, 585, 590
heptagon
area of, 504
number of sides in, 219
hexagon
area of, 505, 501
number of sides in, 219
horizontal lines, 352
hypotenuse
definition of, 400
?9+hagorean theorem and,
355-356
hypotenuse-leg (HL) theorem,
158,159
hypothesis, 56-51

| mAarv WA AN

if-then statements, 56— 62

image, 130-232, 295

incenter, 161-168, 172

incenter theorem, 167-108

included angle, 144

included side, 153-154

inductive reasoning, 53062, 65

inscribed angles, 455-459

inscribed shapes, 458-459

intercepted arcs, 455—4506, 411

interior omgle measvres,
220-222

inferior angle space, 18

interior omgles, 0, 129-131

in+ersec+ing lines of reflection,
21-213

intersection of lines and planes,

1

inverse h'igonomew‘ric functions,

4n
irrational number, 351
isosceles right triangle, 403
isosceles trapezoid, 212-213,
215
isosceles ’rriangm, 121,124-125,
3714-370
isosceles ’rriangm theorem, 124

K mamvvvarsavaaavyvan
kites
area of, 502-503, 521
definition of, 214, 215

L mav v A
lateral area (L#), 534-535, 540,
541, 551, 589-590
loteral foces, 533
low of cosines, 412-414
low of detachment, bZ-63, 65
low of sines, 409-412
low of syllogism, 6Z, b4, 65
laws of deductive reasoning,
62-65
legs, 124
line segment postulotes, 8-10
line segments
bisectors of, 12-13
congruent 10-12
definition of, 3
linear equations, grophing,
349-351
linear pairs
definition of, 30

inductive reasoning example

using, 55
lines
on the coordinate plane,
349-352

definition of, 2,5
finding slope of, 344-349
intersection of, 1
nomina, 5
parallel, 4, 44-45, 88-90,
99-105, 109-113, 21-213
perpendicular, 4, 35, 42453,
347
as secants, 411-414
slope of, 341
0s +angen+s, 463—-4064
vertical and horizontal, 352
lines of reflection, 232-239,
2N-213
lines of symmetry, 214
Iogic and reasoning, 53-068

[ RV VIV V VIRV VAV VVIN

magpifications, Z95-29%

major arcs, 452

mopping of reflection, 232

median, 168-170, 112

midpoint; 12

midpoint formula, 363-366, 315

midsegments, 210

minor arcs, 432, 441

multiplicotion property of
equality, 10

N AV vvavi A A
negative reciprocals, 347,
317-318

negod-ive rise, 343
negod-ive run, 343
neqative slope, 342
net, 534
non-adjacent omgles, 20
nonagon, number of sides in, 219
number line

distance on, 361

midpoint on, 363-364

0 mAaMv vvArIIIAAIIA
oblique cylinders, 563

oblique prisms, 563
observations, 53-55

obtuse omgle, 1

obtuse +riomg|e, 121, 360
oc’mgon, number of sides in, 219

e




one-dimensional shapes, 5
opposite leg, definition of, 400
opposite orientations, 232
orthocenter, 171,173

P mamvvvamna v v
paragraph proofs, T1-19
parallel lines
basics of, 88-90
constructing, 44-45
definition of, 4
proving, 109-113
of reflection, ZT-213
slope of, 341
special angle pairs and,
99-105
parallel plones, 89
parallelogroms
area of, 490-493, 520
definition of, 187, 215
properties of, 188-189
theorems to prove, 190-113
See also quodilaterals;
rectangles; rhombuses;
squares
pentagon, number of sides in,
19
perfect squares, 351
perimeter, 504, 501
perpendicular bisectors, 35-31,
163-165, 112, 234135

perpendicular bisectors theorem,

163

perpendicular lines
constructing, 42-43
definition of, 4, 35
slope of, 341

pi (x), 19-420

planes
definition of, 6
intersection of, 1
naming, b
parallel, 89

point of tangency, 463

points
collinear, 5
coplanar, 6
definition of, Z
intersections and, 1

points of concurrencies
definition of, 165
summary of, T1Z-113

polygon exterior angle-sum

theorem, 223

€12

polygons
ang|e measvures in, 219-225

area of, 499-501
definition of, 120, 219
exterior angle measures
ond, 223-215
interior angle measures and,
120-1221
polyhedrons and, 532
regular, 274-225, 504-507,
571,545
similar, 311-315
fypes of, 219
See also quadilaterals;
rectangles; squares;
friongles
polyhedron, 552
positive rise, 343
positive run, 343
positive slope, 342
postulates
angle addition postulates,
11-11, %4
angle-angle () similarity
postulate, 319-32Z, 325
angle-angle-side (AAS)
congruence postulate,
157-158
angle-side-angle (ASH)
congruence postulate,
155-156
arc addition postulate,
435-434
converse of corresponding
angles postulote, 109-110
corresponding angles
postulate, 99,105
definition of, 8
line segment postulotes, 8-10
segment addition postulate,
8-10
side-angle-side (SAS)
congruence postulate,
148
side-side-side (SSS)
congruence postulate,
142
preimage, 230-23Z, 295
prime mark (), 231
prisms
definition of, 533
oblique, 563-565
rectanqulor, 533, 536-531,
558-560

surface area of, 533-538

friangular, 533, 538, 561-562

fypes of, 533

volume of, 558—-562, 590
proofs

coordinate quadrilateral,

386-394

coordinate +riang|e, 3713-380

definition of, 8

geomeh‘ic, 69-19
proportions

basics of, 289-292

for Finding area of circle,

514-515

in +riang|es, 329-335
proving lines parallel, 109-113
proving special angle pairs,

99-105

Pyromids

definition of, 545

height of, 546

reqular, 545, 541-550

surface area of, 545-550

types of, 546

volume of, 569-511, 590
‘Pythagorean theorem, 355-360,

319-380

‘Pythagorean triples, 359

Q MmAMIMVAVAAAAMNIMAN
quadiloteral proofs, coordinate.
See coordinate qyadrilm‘eral

proofs
quadiloferals
common, 1871
definition of, 186
inscribed, 458—-459
number of sides in, 219
types of, 215
See also kites, rec+on9les~,
rhombuses; squares;
trapezoids
quadroﬁc eqyuﬁon, 481-484

R marrvvavanas v
radions, 442-444
radical sign, 351
rodivs (r)
definition of, 419
formula for, 420-422
of spheres, 519
fongents and, 464
ratio, 280-288
ratios, trigonometric, 400-405



roy, definition of, 3
roys, omgles and, 11
reciprocals, 347, 317-318
rec+angles
area of, 490-491, 520
basics of, 202-204
definition of, 187, 215

rectangulor prisms, 533, 536-537,

558-560
redvuctions, 295-29
reflections
compositions of, ZT1-213
on the coordinate plane,
233-239
glide, 269-210
properties of, 210
rigid motions, 230232
sgmmeh'g ond, 214
reflections, mapping and, 232
reflexive property of
congruence, 156
reflexive property of
equalii-y—congruence, 10
regular polygons, 274-225,
504-501, 521, 545
regular pyramid, 545, 541-550
revolution, solids of. See solids
of revolution
rhombuses
area of, 502-503, 521
basics of, 197-199
definition of, 187, 215
theorems to prove, 200-202
right angle, 1
right triangle
classifying friangles as, 122
hypotenuse-leg (HL) theorem
and, 158
'Pg+hagorean theorem and,
355-356, 319-380
rules for, 359-360
slope formula and, 317-318
special, 403-405
terms for, 400
trigonometric functions and,
401-402
rigid motions
basics of, 230-232
congruence and, 219-281
properties of, 210
See also reflections;
rototions; translotions
rise, 340-343
rotational symmetry, 275

rototions
basics of, 251-252
on the coordinate plane,
151-259
drawing, 253-255
finding angjle of, Z56-251
finding center of, 260-Z61
properties of, 210
symmetry and, 275
as type of rigid motion, 230
rototions, center of, 251-252,
260-261, 215
run, 340-343

S MmN VAN AN
same-side interior ungle_s, bl
same-side interior ongles
theorem, 103-104, 105
scale factor, 296-299, 312-313
scalene ’rriungle, 121, 3763
secants, 411-414
sectors, 430, 514-515, 521
segment addition postulate, 8-10
segmen’r bisectors, 12-13
semicircle, 431
shopes
inscribed, 458-459
one-dimensional, 5
two-dimensional, 6
side-angle-side (SAS)
congruence, 144-148, 159
side-ongle-side (S#S) similarity
theorem, 322, 325
side-side-side (SSS) congruence,
142-143,159
side-side-side (SSS) similarity,
324-315
sides, comparing, T11-181
similar figures, 310-315
similar friongles, 319-326
sine (sin), 401-402
sines, law of, 409-412
skew lines, 89
slant height, 546
slope, 340-349
slope formula, 314, 5T1-378,
3871-390
solids, 532
solids of revolution
on the coordinate plane,
602-604
definition of, 599-604
surface area of, 60Z, 603
volume of, 600—-601, 604

space figures, 532
special right trianglles, 403-405
Spheres
definition of, 519
surface area of, 580-583
volume of, 583-585, 590
square roots, 357-358
squares
basics of, 204-205
definition of, 187, 215
rotating, 254
standard form, converting fo,
481-484
straight angle, 20
straight line, 343
straightedae, 41
svbstitution property of equality,
il

supplementary angjles, 30-31
surface area
basics of, 532
of composite figures,
591-593
of cones, 551-553
of cylinders, 539-541
formvlas for, 589-590
of hemisphere, 582-583
of prisms, 535-538
of pyramids, 545-550
of solids of revolution, 60Z,
603
of spheres, 580-583
syllogism, law of, 6Z, b4, 65
symmetric property of
congruence, Tl
symmetric property of equality,
n

sgmme’n’g. 12714

T mavvvavraviasvvvan
tangency, point of, 463
tangent (tan), 401-402, 463461
+angen+s, secants and, 414
theorems
abovt chords, 441-451
alternate exterior angles
theorem, 102-103, 105
alternote interior ongles
theorem, 101, 105, 156
ang|e bisector theorem,
333-335
centroid theorem, 169-110
circumeenter theorem,

o167
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converse of alternate

exterior angles theorem,

109-10

converse of alternate
interior anglles theorem,
109, M-z

converse of isosceles
friongle theorem, 125

converse of perpendiculor
bisectors theorem, 104

converse of some-side
interior anglles theorem,
109-10, 113

corollary to the friongle

proportionality theorem,

332-333
definition of, 8

hypotenuse-leq (HL) theorem,

158, 159

incenter theorem, 167-168

isosceles +rian9|e theorem,
124

perpendicular bisectors
theorem, 1603

polygon exterior angle-sum
theorem, 223

fo prove parallelogroms,
190-193

to prove rhombuses,
1200-202

‘Pythagorean theorem,
355-360, 319-380,
418-480

same-side interior ongles
theorem, 103-104, 105

side-angle-side (SAS)
similority theorem, 322,
315

side-side-side (SSS)
similarity theorem, 324,
315

friongle angle-sum theorem,
130, 141

friongle inequality theorem,
9

friongle proportionality
theorem, 329-331,
334-335

theto, 6, definition of, 400

three-dimensional (3-D)

composite figures, 589

three-dimensional (3-D) figures,

532

tick marks, 1

614

transformoation
compositions of, Z65-266
dilotions, 295-304
as type of rigid motion, 230
fransitive property of
congruence, 7,14
transifive property of equality, Tl
translation vector, 244-241
translations
basics of, 243-241
compositions of, Z61-268
properties of, 210
as type of rigid motion, 230
fransversal angle pairs, 1-92
transversals, 10-95
trapezoids
area of, 499-501, 520
basics of, 209-211
definition of, 187, 215
isosceles, 212-213, 215
+riomgle omgle—sum theorem, 129
triangle bisectors
altitude, 1M
centroid, 168-170
circumeenter, 165-161
incenter, 161-168
medion, 168-110
orthocenter, 171
perpendiculor bisectors,
163-165
points of concurrencies,
2-113
triangle inequalities, TT1-181
triangle inequality theorem, 119
triangle proofs, coordinate.
See coordinate +riomg|e proofs
triangle proportionality theorem,
329-331, 334-335
triangles
ocute hiangle, 121, 359-360
angle measvres in polygons
ond, 220-212
area of, 493-495, 520
classingng, 121-125
congruence ond, 139-148,
153-160
congruence summary for,
159-160
definition of, 4,120
eqyiangular h'iongle, 122
equilai-eral +rian9|a, 121, 506
isosceles +riomg|e, 1,
124-125, 314-316
naming, 120

number of sides in, 219
obtuse Jrriomc_al(’., 121, 359-360
proportions and, 329-335
right friongle, 122, 158,
355-350, 359-360,
311-380, 400-405
scalene Jrr‘iouf\c_ale, 121, 3716-3T
similar, 319-326
special right, 403-405
types of, 120-125
friongular prisms, 533, 538,
561-562
frigonometric functions, 401-402
frigonometric ratios, 400-405
frigonometry, definition o, 400
two or more transversals, 93-95
two-column proofs, 12-15
two-dimensional shapes, b

U mavvvarsvniasv e
undefined slope, 342
units squared, 490

V manvvvarsviacvvvan
vertex
ongles ond, 11
definition of, 3
vertical omgles, 21
vertical lines, 352
vertices, 532, 545
volume
basics of, 551
of composite figures, 513-5%%
of cones, 512-574, 589
of cylinders, 562-565, 510
formulas for, 589-590
of frustum, 514-515
of hemisphere, 585, 590
of prisms, 558-56Z, 590
of pyramids, 569-5T1, 590
of solids of revolution,
600-601, 604
of spheres, 583-585, 590

R mAav A AT AN
x-axis line of reflection, 238-239

Y mAanm v AN
Y = x line of reflection, 238-239
y-axis line of reflection, 238-239
Y-intercept, 341-352

Z MmNV VAN
2ero slope, 342
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